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Abstract:We present a new class ofN = 4 supersymmetric quiver matrix models and
argue that it describes the stringy low-energy dynamics of internally wrapped D-branes
in four-dimensional anti-de Sitter (AdS) flux compactifications. The Lagrangians of
these models differ from previously studied quiver matrix models by the presence of
mass terms, associated with the AdS gravitational potential, as well as additional
terms dictated by supersymmetry. These give rise to dynamical phenomena typically
associated with the presence of fluxes, such as fuzzy membranes, internal cyclotron
motion and the appearance of confining strings. We also show how these models can
be obtained by dimensional reduction of four-dimensional supersymmetric quiver gauge
theories on a three-sphere.
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1 Introduction and summary
Type II string theory compactified on a six-dimensional manifold X6 gives rise to a
four-dimensional spacetime M4. A Dp-brane wrapped on a p-dimensional cycle in X6
appears as a charged particle in M4. The wrapped branes interact with each other
via strings that end on them. At small separations, the lightest open string modes
dominate the interactions. The low-energy dynamics of these modes is captured by
quiver matrix mechanics [1–4]. A quiver is an oriented graph of which the vertices are
called nodes and the edges arrows. In quiver matrix mechanics, the nodes correspond to
four-dimensional spacetime degrees of freedom and label wrapped branes; the arrows
correspond to internal-space degrees of freedom and label open string modes. If X6
is a Calabi-Yau manifold without fluxes then M4 is flat Minkowski space and the
bulk superalgebra has eight supercharges, of which the branes preserve four. In this
case, the corresponding one-dimensional N = 4 quiver matrix mechanics Lagrangian
may be obtained by dimensional reduction of a four-dimensional N = 1 quiver gauge
theory. On the other hand if X6 is an Einstein manifold carrying magnetic fluxes,
compactifications with eight or more supersymmetries to M4 = AdS4 are possible. A
standard example is the type IIA AdS4 × CP 3 compactification [5, 6] holographically
dual to ABJM theory [7]. Thus, a natural question is what the analogous quiver matrix
mechanics description is for D-particles in AdS4. In this paper we answer this question.
We will argue that the low energy, short distance dynamics of particles in AdS4,
obtained as internally wrapped branes preserving at least four supercharges, is captured
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susy
Figure 1. Our results in pictures: mass deformation with four supercharges implies flux
phenomena such as fuzzy membranes, internal space cyclotron motion, and branes confined
by strings. We will elaborate on these in the introduction and especially in sections 3.1.2,
3.1.4, 3.2.2, and 3.3.2, respectively.
by a tightly constrained N = 4 supersymmetric massive quiver matrix mechanics. By
“massive” we mean the brane position degrees of freedom are trapped near the origin by
a harmonic potential, interpreted here as the AdS gravitational potential well. These
N = 4 massive quiver matrix models generalize the N = 16 BMN matrix model [8],
which is a mass deformation of the BFSS matrix model [9]. Although the standard
interpretation of the BMN model is quite different from the interpretation we consider
here, its Lagrangian can nevertheless be viewed a special case of our general class of
models, after a suitable field redefinition. As was pointed out in [10], the BMN model
can be obtained by dimensionally reducing N = 4 super-Yang-Mills theory on R× S3.
Similarly, we will see that the N = 4 massive quiver matrix models we present can be
obtained by dimensional reduction of N = 1 quiver gauge theories on R × S3. The
details of this reduction are given in section 5.
The core result of the paper is the general Lagrangian of these N = 4 massive
quiver matrix models, presented in section 2. Besides the parameters already present in
the flat-space quiver mechanics of [4] (particle masses mv, Fayet-Ilopoulos parameters
θv and superpotential data), they depend on just one additional mass deformation
parameter Ω, appearing in harmonic potentials for the particle positions ~xv,
V (x) =
∑
v
1
2
mv Ω
2 ~x2v , (1.1)
as well as in a number of other terms related by supersymmetry. The parameter Ω
has the dimension of frequency. In the context of our AdS interpretation, it equals the
global time oscillation frequency of a particle in the AdS gravitational well:
Ω =
c
`AdS
, (1.2)
where c is the speed of light and `AdS is the AdS radius. Under some simplifying
assumptions stated in section 2, we conjecture that this captures, in fact, the most
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general case consistent with the symmetries imposed.1 In the context of the AdS in-
terpretation, the isotropic harmonic potential is due to the AdS gravitational potential
well. The fact that the deformation introduces just one new parameter, uniform across
all connected nodes, can be physically understood as the equality of gravitational and
inertial mass, i.e., the equivalence principle. In view, however, of the very different
(short distance) regime of validity of the quiver picture and the (long distance) bulk
supergravity picture, it is by no means a priori obvious that the quiver should retain
this feature of gravity. It does so as a consequence of the structure of the interactions
and the constraints of supersymmetry.
Further remarkable consequences are highlighted in figure 1. Turning on the mass
deformation for the position degrees of freedom and requiring N = 4 supersymme-
try automatically implies all of the peculiar dynamical phenomena typically featured
by branes in flux backgrounds, including noncommutative fuzzy membranes, magnetic
cyclotron motion in the internal space, and confinement of particles by fundamental
strings. In section 3 we discuss examples explicitly exhibiting these phenomena in
simple quiver models. The supergravity counterpart of this is, essentially, that super-
symmetric compactifications to AdS require flux [11–13].
We devote particular attention to the emergence of confining strings, as this is per-
haps the most dramatic difference with the flat-space quiver models of [4], and one of
the main motivations for this work, prompted by problems raised in [14]. The goal of
[14] was to demonstrate the existence of multicentered black hole bound states in AdS4
flux compactifications and to investigate their potential use as holographic models of
structural glasses. A simple four-dimensional gauged supergravity model was consid-
ered, with the appropriate ingredients needed to lift previously known, asymptotically
flat bound states of black holes carrying wrapped D-brane charges [4, 15–17] to AdS4
with minimal modifications. However, as was pointed out already in [14], this model
actually misses an important universal feature of flux compactifications of string the-
ory; the fact that particles obtained by wrapping branes on certain cycles are confined
by fundamental strings.
In the example of AdS4 × CP 3, dual to ABJM theory, it was explained in [7] how
this can be understood from a four-dimensional effective field theory point of view; it
is because these particles have a nonzero magnetic charge with respect to a Higgsed
U(1). The Higgs condensate forces the magnetic flux lines into flux tubes, which act
as confining strings. Alternatively, their inevitability can be inferred directly from
1More precisely, we conjecture that for connected quivers, and modulo “R-frame” field redefini-
tions discussed in 2.3, the most general massive quiver matrix mechanics preserving SO(3) rotation
symmetry of the vector multiplets and N = 4 supersymmetry, assuming a flat target-space metric for
both vector and chiral multiplets, is given by the Lagrangian (2.1).
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the D-brane action. In the presence of background flux, the Gauss’s law constraint
for the brane worldvolume gauge field gets a contribution equal to the quantized flux
threading the brane, which must be canceled by an equal amount of endpoint charge
of fundamental strings attached to the brane. This shows that the confining strings
are fundamental strings, and a rather universal feature of flux compactifications. If the
brane is considered in isolation, the attached strings extend out from it all the way to
the boundary of AdS. For this reason, such branes are often called baryonic vertices
[18]. Note, however, that suitable pairs of charges may allow the strings emanating
from one brane to terminate on the other, thus producing a finite-energy configuration.
In section 3.3 we show that all of this is elegantly reproduced by massive quiver
matrix mechanics. Gauss’s law for the quiver gauge fields forces charged fields to have
a nonzero minimal excitation energy that grows linearly with particle separation. The
tension of this string is a multiple of the fundamental string tension. More precisely, the
number of fundamental strings NF,v terminating on a brane corresponding to a quiver
node v, with Fayet-Iliopoulos (FI) parameter θv, is given by the universal formula
NF,v = Ω θv . (1.3)
Quantum consistency requires NF,v to be an integer and hence θv to be quantized, in
contrast to the case of flat-space quivers, where the FI parameters are related to con-
tinuously tunable bulk moduli. This is consistent with the fact that bulk moduli are
typically stabilized in flux compactifications. As in the flat space case, the FI parame-
ters also control supersymmetric bound state formation. In particular, for a two-node
quiver with all arrows oriented in one direction, a supersymmetric bound state exists for
one sign of the FI parameter but not the other. An interesting immediate consequence
is that the boundary of the region in constituent charge space where supersymmetric
bound states cease to exist is the same as the codimension-one slice through charge
space where confining strings between the constituents are absent. In section 4 we
interpret these findings in some detail for internally wrapped branes in AdS4 × CP 3.
Most of the analysis in this paper is classical, but we provide the complete quantum
Hamiltonian and supersymmetry algebra in appendix D. The supersymmetry algebra
is su(2|1). If the Lagrangian has a U(1)R symmetry, the algebra is extended to the
semidirect product su(2|1)o u(1)R. This algebra arises naturally on the worldline of a
superparticle in anN = 2 AdS4 background, as shown in appendix E. This confirms our
AdS interpretation and provides the appropriate identifications of the global AdS energy
with a particular linear combination of the Hamiltonian and the R-charge generator,
namely the global AdS R-frame identified in section 3.1.3.
We note that the chiral multiplet part of the massive quiver matrix mechanics
Lagrangian in equation (2.1) has been given before, as part of a systematic construction
– 4 –
of supersymmetric quantum mechanics models with su(2|1) supersymmetry [19, 20].
This part can also be obtained by dimension reduction of the general four-dimensional
N = 1 chiral multiplet Lagrangian of [21] on R×S3, and it has been obtained this way
in [22], for the purpose of computing Casimir energies in conformal field theories on
curved spaces. The dimensional reduction of the four-dimensional vector multiplet is
also known from [10], but we explain how to create a general gauged su(2|1) quantum
mechanics with coupled vector and chiral multiplets and an arbitrary superpotential.
The massive quiver Lagrangian in equation (2.1) is a special case of these models as
is the BMN matrix model (see 3.2.4). We explain how to perform the dimensional
reduction in section 5 and give additional details in appendix F. In section 5.6, we give
a more detailed comparison of our models and those given in the works [19, 20].
2 General Lagrangian and supersymmetry
In this section we give the core results of the paper, the general massive quiver matrix
mechanics Lagrangian and its supersymmetries. It represents a general deformation of
the quiver models of [4] (see especially appendix C) preserving SO(3) rotation symmetry
and N = 4 supersymmetry. For simplicity, we also restrict to a flat target-space metric
for both the vector and chiral multiplets. We conjecture that this is the most general
Lagrangian having these properties.
The field content remains the same as in [4]. It is encoded in a quiver, with nodes
v ∈ V , directed edges (arrows) a ∈ A, and dimension vector N = (Nv)v∈V . To each
node is assigned a vector, or linear, multiplet (Av, X
i
v, λvα, Dv) with i = 1, 2, 3. The
field Av is the gauge field for the group U(Nv). The fields X
i
v, λvα, Dv transform in the
adjoint of U(Nv). To each edge a : v → w is assigned a chiral multiplet (φa, ψaα, F a)
transforming in the bifundmental (Nw, N¯v) of U(Nw) × U(Nv). In a string theory
context the nodes v can be thought of as labeling different “parton” D-branes wrapped
on internal cycles with multiplicity Nv, and arrows a : v → w as labeling light open
string modes polarized in the internal dimensions, connecting the parton branes.
The Lagrangian depends on a number of parameters that are already present in
the flat-space quiver models. For each node v, there is an inertial mass parameter mv
determining the kinetic terms for the vector multiplet fields, and a Fayet-Iliopoulos (FI)
parameter θv setting the D-term potential for the scalars φ
a connected to the node v.
The quiver model may also have a superpotential, given by an arbitrary gauge-invariant
holomorphic function W (φa) of the φa.
Before imposing any supersymmetry, a general SO(3)-symmetric and gauge invari-
ant mass deformation of the vector multiplets consists of adding harmonic potential
terms of the form µv
2
Tr(X iv)
2 to the Lagrangian, and similarly for the fermions. Requir-
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ing N = 4 supersymmetry to be preserved dictates the inclusion of additional terms
for the vector and chiral multiplets, and reduces the a priori arbitrary deformation pa-
rameters µv to functions of a single deformation parameter Ω, namely µv = mv Ω
2. In
the AdS interpretation discussed in section 3, we identify Ω = 1/`AdS. In appendix C,
we provide more details on how supersymmetry fixes the form of the mass deformation.
In section 5, we explain how it can be obtained from dimensional reduction of N = 1
quiver gauge theories on R× S3.
2.1 Lagrangian
The Lagrangian of massive quiver matrix mechanics with deformation parameter Ω is
given by
LΩ = L0 + L′Ω , (2.1)
where L0 is the original, undeformed, flat-space quiver Lagrangian, identical to the La-
grangian in appendix C of [4], and L′Ω is the mass deformation. We give our conventions
and definitions for this Lagrangian in detail in appendix A.
L0 = L0V + L0FI + L0C + L0I + L0W (2.2)
L0V =
∑
v
mvTr
(
1
2
(DtX iv)2 + 12D2v + 14 [X iv, Xjv ]2 + i2(λ†vDtλv − (Dtλ†v)λv)− λ†vσi[X iv, λv]
)
L0FI = −
∑
v
θvTrDv
L0C =
∑
a
Tr
(|Dtφa|2 + |F a|2 + i2(ψa†Dtψa − (Dtψa†)ψa))
L0W =
∑
a
Tr
(
∂W
∂φa
F a + h.c.
)
+
∑
ab
Tr
(
1
2
∂2W
∂φa∂φb
ψbψa + h.c.
)
L0I = −
∑
a:v→w
Tr
(
(φa†X iw −X ivφa†)(X iwφa − φaX iv)− φa†(Dwφa − φaDv)
+ ψa†σi(X iwψ
a − ψaX iv) + i
√
2
(
(φa†λw − λvφa†)ψa − ψa†(λ†wφa − φaλ†v)
))
L′Ω = L′V + L′FI + L′C (2.3)
L′V = −
∑
v
mvTr
(
1
2
Ω2(X iv)
2 + 3
2
Ωλ†vλv + iΩ ijkX
i
vX
j
vX
k
v
)
L′FI =
∑
v
θv Ω TrAv
L′C =
∑
a
Tr
(
i
2
Ω
(
(Dtφa†)φa − φa†Dtφa
)− 1
2
Ωψa†ψa
)
.
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The covariant derivatives are given by
DtX iv = ∂tX iv − i[Av, X iv],
Dtλv = ∂λv − i[Av, λv], Dtλ†v = ∂λ†v − i[λ†v, Av],
Dtφa = ∂tφa − iAwφa + iφaAv, Dtφa† = ∂tφa† + iφa†Aw − iAvφa†
Dtψa = ∂tψa − iAwψa + iψaAv, Dtψa† = ∂tψa† + iψa†Aw − iAvψa†,
with the arrow a : v → w.
2.2 Supersymmetry transformations
The action is supersymmetric with respect to the transformations
δAv = iλ
†
vξ − iξ†λv
δX iv = iλ
†
vσ
iξ − iξ†σiλv
δλv = (DtX iv)σiξ + 12ijk[X iv, Xjv ]σkξ + iDvξ − iΩX ivσiξ
δDv = −(Dtλ†v)ξ − i[X iv, λ†v]σiξ − ξ†(Dtλv)− iξ†σi[X iv, λv] + 3i2 Ωλ†vξ − 3i2 Ω ξ†λv
δφa = −
√
2 ξψa
δψa = −i
√
2 ξ†(Dtφa)−
√
2σi(ξ†)(X iwφ
a − φaX iv) +
√
2 ξF a
δF a = −i
√
2 ξ†(Dtψa) +
√
2 ξ†σi(X iwψ
a − ψaX iv)− 2iξ†(λ†wφa − φaλ†v) +
√
2
2
Ω ξ†ψa
ξ(t) = e−
i
2
Ω t ξ0 . (2.4)
2.3 R-symmetry and R-frames
A notable difference with [4] is that the supersymmetry parameter ξ in equation (2.4)
is time dependent. A given massive quiver matrix model Lagrangian may or may not
possess R-symmetry. If its R-symmetry group contains a U(1) subgroup then ξ can be
made time-independent by a field redefinition, which we give below. Without loss of
generality, we can take the subgroup U(1)R to act on the fields Y as
Y → eiQY ϑ Y , Y † → e−iQY ϑ Y † , (2.5)
with the charges QY given in table 1. For the Lagrangian to be invariant under equation
(2.5), the superpotential must satisfy a homogeneity condition so that it has overall
R-charge QW = 2:
W (λqaφa) = λ2W (φa) , (2.6)
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Y ξ Av Xv Dv λv φ
a ψa F a
QY 1 0 0 0 1 qa qa − 1 qa − 2
Table 1. The R-charge QY of each field Y appearing in the quiver model.
or equivalently
∑
a qaφ
a∂aW = 2W . If we redefine the fields, including ξ, by a time-
dependent R-symmetry,
Yold = e
−iQY ρ2Ω t Ynew , (2.7)
for some real parameter ρ, the only change to the Lagrangian and supersymmetry
transformations is that all covariant derivatives are effectively shifted by constant U(1)R
background connections, because DtYold = e−iQY ρ2Ω t
(Dt − i QY ρ2Ω)Ynew. Thus, all
of the above expressions for the Lagrangian and the supersymmetry transformations
remain unchanged provided we replace
DtY → D˜tY ≡
(Dt − i QY ρ2Ω)Y . (2.8)
In particular, picking ρ = 1 renders the supersymmetry parameter time independent.
As we will see below, in an example in section 3.1.3, and establish in general in appendix
E, the appropriate value to identify the quiver Hamiltonian with the AdS global energy
in N = 2 compactifications is
ρAdS = 2 . (2.9)
3 Examples and physical interpretations
The massive quiver matrix mechanics Lagrangian presented in section 2.1 arises natu-
rally in a number of string theoretic contexts. One is already well known; as we show
in section 3.2.4, the BMN matrix model [8], describing the dynamics of D0-branes in a
plane wave background, arises as a special case. In this paper we will, however, focus on
a different interpretation; the nonrelativistic limit of massive particles living in global
AdS4, obtained by wrapping Dp-branes on internal p-cycles in a flux compactification
of string theory. Essentially, an AdS version of [4].
In this section we will substantiate and explore this interpretation by studying vari-
ous simple examples. The interpretation of the harmonic potentials as the gravitational
potential of AdS, and the corresponding identification Ω = 1/`AdS, is explained in sec-
tion 3.1.2. More interestingly, the model exhibits a number of smoking-gun phenomena
usually associated with the presence of background fluxes, including the Myers effect
(section 3.1.4), magnetic trapping in the internal D-brane moduli spaces (section 3.2.2)
and flux-induced background charges on wrapped branes, forcing a nonzero number
– 8 –
of confining strings to end on the branes (section 3.3). Finally, we will also use the
examples to clarify the role of R-symmetry and subtleties associated with the existence
of different R-frames (sections 3.1.3 and 3.2.3).
3.1 One node, no arrows
U(N)
Figure 2. A one-node quiver representing a matrix model with a single vector multiplet,
with gauge group U(N).
The one-node quiver without arrows and dimension vector (N), see figure 2, has just
one vector multiplet with gauge group U(N) and no chiral multiplets. It describes N
identical D-particles in a 3+1-dimensional spacetime.
3.1.1 Lagrangian
The Lagrangian is
L = L0V + L0FI + L′V + L′FI (3.1)
L0V = mTr
(
1
2
(DtX i)2 + 12D2 + 14 [X i, Xj]2 + i2(λ†Dtλ−Dtλ†λ)− λ†σi[X i, λ]
)
L0FI = −θTrD
L′V = −mTr
(
1
2
Ω2(X i)2 + 3
2
Ωλ†λ+ iΩ ijkX iXjXk
)
L′FI = θΩ TrA .
The covariant derivative acts in the adjoint of U(N), DtX = ∂tX − i[A,X], so the
diagonal U(1) part of A does not couple to anything in the Lagrangian except to the
constant θΩ. Varying L with respect to δA = δa1 thus leads to the constraint Ω θ = 0,
hence for Ω 6= 0 we get the consistency condition θ = 0. We will give an interpretation
of this later in section 3.3.4, after we have studied examples of quivers in which θ can
be nonzero.
3.1.2 Interpretation as a particle in AdS
For N = 1 the Lagrangian (3.1) describes a nonrelativistic superparticle in an isotropic
3d harmonic oscillator potential with frequency Ω:
L = m
(
1
2
(X˙ i)2 − 1
2
Ω2(X i)2 + i
2
(λ¯λ˙− ˙¯λλ)− 3
2
Ω λ¯λ
)
. (3.2)
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We can interpret this as a massive nonrelativistic superparticle near the bottom (origin)
of global AdS4. Using isotropic coordinates t, x1, x2, x3, with x
2 ≡ x21 +x22 +x23, an AdS4
space of radius ` has a metric
ds2 =
−
(
1 + x
2
4`2
)2
dt2 + dx21 + dx
2
2 + dx
2
3(
1− x2
4`2
)2 . (3.3)
The action of a massive particle in this background is
S = −m
ˆ
dt
√(
1 + x
2
4`2
)2 (
1− x2
4`2
)−2
−
(
1− x2
4`2
)−2
x˙2 . (3.4)
If x  ` and x˙  1 at any given time, the classical motion of such a particle remains
nonrelativistic at all times. In this regime, the action becomes
S ≈ m
ˆ
dt
(
1
2
x˙2 − 1
2
Ω2x2 − c2) , Ω = c
`
. (3.5)
We have explicitly reinstated the speed of light c, to emphasize that Ω is most naturally
viewed in this nonrelativistic setting as the universal oscillation frequency of a particle in
the AdS gravitational potential well. The action obtained here reproduces the bosonic
part of equation (3.2), confirming the interpretation of Ω announced earlier.
3.1.3 Fermionic excitations, definitions of energy and R-frames
To extract the physics of the fermionic degrees of freedom, we have to quantize the
system. This is straightforward in the case at hand, and done in general in appendix
D. We introduce canonical bosonic and fermionic annihilation operators, ai ≡
√
mΩ√
2
X i+
i 1√
2mΩ
Pi and bα ≡
√
mλα respectively, together with their conjugate creation operators,
which satisfy the algebra
[ai, a
†
j] = δij , {bα, b†β} = δαβ , (3.6)
where i = 1, 2, 3 and α = 1, 2 is a spinor index. Then the Hamiltonian derived from
(3.2) and the generator of the U(1)R symmetry bα → eiϑbα can be expressed as
Hˆ = Ω
(
a†a+ 3
2
b†b
)
, Rˆ = −b†b . (3.7)
The normal ordering constants of the bosonic and fermionic parts cancel each other
in Hˆ, so the ground state energy is zero. The Hilbert space is spanned by the Fock
eigenbasis built by acting with the a†i and b
†
α on the ground state. Since b
† transforms in
the spin 1
2
representation of SO(3) and has R-charge −1, the fermionic sector consists
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of a spin zero state with R-charge 0, one spin 1
2
doublet with R-charge −1 and another
spin 0 state with R-charge −2. Browsing through the tables of OSp(2|4) multiplets in,
e.g., the appendix of [23], one sees that our superparticle, together with its antiparticle,
produces exactly the spin and R-charge content of a massive N = 2 hypermultiplet in
AdS4 (table 7). However, at first sight, there seems to be a mismatch with the energy
spectrum. For our superparticle, the energy gaps for bosonic and fermionic excitations
are, respectively,
∆EB = Ω, ∆EF =
3
2
Ω . (3.8)
Under the identification (3.5), ∆EB is exactly the scalar normal-mode energy gap in
AdS, with respect to standard AdS global time. However, according to table 7 in the
appendix of [23], we should then find ∆EF =
1
2
Ω instead of 3
2
Ω.
The solution to this puzzle is that our identification of Hˆ as “the” energy is am-
biguous, since we can always shift to a different R-frame. In the Heisenberg picture,
the transformation in equation (2.7) becomes
Ynew = e
i ρ
2
RΩtYolde
−i ρ
2
RΩt . (3.9)
The equation of motion for Ynew is then
− i d
dt
Ynew = [Hˆ +
ρ
2
ΩRˆ, Ynew] . (3.10)
Thus, the operator Hˆρ = H +
ρ
2
ΩRˆ defines time translation in a different R-frame and
is the energy operator in that frame. The Hamiltonian Hˆ becomes
Hˆρ = Hˆ +
ρ
2
Ω Rˆ = Ω
(
a†a+ 3−ρ
2
b†b
)
, (3.11)
and the fermionic energy gap becomes
∆EF,ρ =
3−ρ
2
Ω . (3.12)
From the particle mechanics point of view, these different notions of energy Hˆρ are all
equally valid and just amount to a relabeling of conserved charges without affecting
the bosonic part of the symmetry algebra (see appendix D). However, only one choice
of ρ corresponds to the bulk gravitational AdS energy defined with respect to global
AdS time, used in [23]. Matching energy gaps ∆EF , we see this is the case for ρ = 2,
so we are led to identify
HˆAdS = Hˆ|ρ=2 = Hˆ0 + Ω Rˆ = Ω
(
a†a+ 1
2
b†b
)
. (3.13)
The relation HAdS = H0 + ΩR turns out to hold in general, as we show in appendix
E. We reiterate that ρ does not label truly different models the way, for example,
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different values of Ω do. Rather, it labels different reference frames, related to each
other by the constant R-rotations given in equation (2.7). This is similar to ordinary
particle mechanics in a cylindrically symmetric potential described in different rotating
frames. The rotation shifts the Hamiltonian of the system by the corresponding angular
momentum. Physically, observers in different frames will perceive different centrifugal
and Coriolis forces, but water remains water, and wine remains wine. One particular
frame may be singled out if the system is part of a larger context, like a lab or distant
stars. This is the role played by AdS4, which singles out the ρ = 2 frame.
3.1.4 Nonabelian model and Myers effect
When N > 1, the Lagrangian in equation (3.1) contains interesting nonabelian interac-
tions. The commutator-squared term already appeared in the flat-space quiver matrix
models. It also universally appears in the worldvolume theories of N coincident D-
branes. Since we are interpreting X as a position coordinate of a D-particle in AdS, we
want to assign it the dimension of length. Similarly, we want t to be time and m to be a
mass. However, then the commutator-squared term actually has the wrong dimension
compared to, say, the kinetic term. This can be traced to the way the original flat-space
quiver matrix model was obtained in [4]. It was essentially by dimensional reduction
from a four dimensional gauge theory, in which the dimension of X i = Ai is naturally
inverse length and m = 1
g2
Vol3 is length cubed. To get the dimensions we want, we can
rescale the fields and parameters by powers of a reference length l. This will produce
explicit powers of l at various places, including a factor l−2 in front of the commutator
term. Equivalently and more conveniently, we can pick units such that besides c ≡ 1
and ~ ≡ 1, we also have l ≡ 1. Matching the kinetic and commutator terms with the
standard expressions for D-brane worldvolume theories in the literature [24], we see
the appropriate length scale is the string length, or more precisely l =
√
2pi α′. Thus,
throughout we will be working in units with
2piα′ ≡ 1 . (3.14)
Perhaps the most interesting new element in the massive quiver Lagrangian in
equation (3.1) is the presence of a Myers term in L′V ,
L′V = −imΩ ijk Tr(X iXjXk) + · · · . (3.15)
Such terms arise in D-brane physics from the presence of background flux with legs in
the directions transversal to the brane [24]. They allow multiple coincident branes to
polarize into higher-dimensional dielectric branes. Specifically, for N coincident D0-
branes in a background R-R 4-form flux F , in the units of equation (3.14) and the
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conventions of [24], this term in the D0-brane Lagrangian is
LMyers = im 13Ftijk Tr(X iXjXk) , (3.16)
where m = T0 =
1
gs
√
α′
is the mass of the D0-brane. Comparing to equation (3.15), we
see the deformed quiver has a Myers coupling to an effective flux background
Ftijk = −3 Ω ijk . (3.17)
Recalling that earlier we identified Ω = 1
`AdS
in equation (3.5), this precisely agrees,
including the coefficient,2 with the 4-form flux supporting general Freund-Rubin com-
pactifications of 11-dimensional supergravity [11], such as, for example, the 11d AdS4×
S7/Zk or 10d AdS4 × CP 3 compactifications [5, 6] dual to ABJM theory [7].
The most striking consequence of the presence of such cubic terms is the Myers
effect [24]; N coincident D0-branes polarizing into a stable fuzzy sphere configuration,
which, at large N , approximates a spherical D2-brane with N units of worldvolume
flux. In the case at hand, unlike the flat space case studied in [24], the fuzzy sphere is
supersymmetric. This can be seen from the supersymmetry variations of the gaugino
given in section 2.2:
δλ = (DtX i)σiξ + 12ijk[X i, Xj]σkξ + iDξ − iΩX iσiξ . (3.18)
The configuration is supersymmeric provided δλ = 0, that is to say, provided X is time
independent, D = 0 (trivially the case here, by the equations of motion for D), and
[X i, Xj] = iΩ ijkXk . (3.19)
A maximally nonabelian solution to this equation is given by the N -dimensional rep-
resentation of SU(2), yielding, at large N , a fuzzy sphere of radius [24]
Rfuzzy =
1
2
ΩN =
piα′
`AdS
N . (3.20)
Notice that R-R 4-form flux is sourced by D2-branes, or its uplift to M-theory by M2-
branes. Thus, the fuzzy sphere can be interpreted as a membrane which has separated
itself from the stack of membranes generating the AdS4 Freund-Rubin compactification,
supported by its worldvolume flux. Such membranes in AdS4, known as dual giant
gravitons, were studied in, e.g., [25].
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12
3
κU(N)
...
Figure 3. A one-node quiver representing a matrix model with a single vector multiplet,
with gauge group U(N), and κ chiral multiplets.
3.2 One node, κ arrows
3.2.1 Lagrangian and consistent truncation
To focus specifically on the new features brought by adding chiral multiplets and to
simplify things as much as possible, let us consider a single-node quiver with κ arrows
from the node to itself, see figure 3, and let us put
X = 0 , λ = 0 , ψ = 0 . (3.21)
Classically, this is a consistent truncation since there are no terms in the Lagrangian
involving one of these fields coupled linearly to the other fields or to constants. Note
that it is not possible to set A or D to zero in this way, since they do couple linearly
to, for example, φ. Thus, the truncated theory consists of a U(N) gauge field A and
auxiliary D together with adjoint scalars φa, a = 1, . . . , κ. The covariant derivative
acts as Dtφ = ∂tφ − i[A, φ], so the diagonal U(1) part does not couple to anything in
the Lagrangian except to the constant θΩ. Thus, as in the pure vector case discussed
earlier, for Ω 6= 0 we get the consistency condition θ = 0. Integrating out the auxiliary
fields then puts
F a = ∂aW , D =
1
m
∑
a[φ
a†, φa] , (3.22)
and the Lagrangian (2.1) becomes,
L = L0 + L′ (3.23)
L0 = Tr
(
|Dtφa|2 − |∂aW |2 − 12m
(
[φa†, φa]
)2 )
L′ = i
2
ΩTr
(Dtφa†φa − φa†Dtφa) .
The Gauss’s law constraint obtained by varying A is
i[Dtφa†, φa]− i[φa†,Dtφa] + Ω [φa†, φa] = 0 . (3.24)
Having derived the Gauss’s law constraint, we can pick a gauge A ≡ 0.
2The sign depends on a number of conventions for orientations and charges, which we did not try
to sort out.
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3.2.2 Single particle: internal space magnetic and Coriolis forces
Let us first have a look at the N = 1 case with W = 0. Then the Lagrangian collapses
to
L = |φ˙a|2 + i
2
Ω
( ˙¯φa φa − φ¯a φ˙a) . (3.25)
This describes a charged particle with complex position coordinates φa moving on a
flat Ka¨hler manifold Cκ, in a background magnetic field F proportional to the Ka¨hler
form:
F = Ω i
2
dφa ∧ dφ¯a . (3.26)
If the D-particle under consideration is a D0-brane in ten-dimensional IIA string theory,
the φa are complex coordinates on the physical compactification space, and F is then
to be identified with an R-R 2-form flux. To more accurately describe such a situation,
for example a D0-brane on the AdS4 × CP 3 geometry dual to ABJM theory [7], we
should consider a generalization of our quiver models to general curved-space Ka¨hler
potentials. This can be done, but we won’t do it here. Sticking with our simple model,
the classical solution to the equations of motion is a cyclotron motion of frequency Ω
with arbitrary center C and amplitude A:
φa(t) = Ca + Aa e−iΩ t . (3.27)
In particular, in the limit |A| → 0 the effect of target-space curvature should become
negligible, so we expect that in this limit the frequency of motion should be independent
of the curvature. Comparing to the case AdS4×CP 3 mentioned above and reviewed in
detail below in section 4, it can be checked that the cyclotron frequency (with respect
to global AdS time) of a D0 moving in the 2-form flux-carrying CP 3 also equals Ω.
Before jumping to conclusions, we should recall, however, that this is the motion
in the original, ρ = 0, R-frame, whereas the natural, “inertial” R-frame for D-particles
in N = 2 global AdS4 corresponds to ρ = 2. This was illustrated in section 3.1.3 and
shown in general in appendix D. Thus, for proper comparisons we should transform
the motion in equation (3.27) by a field redefinition, as in equation (2.7), with ρ = 2,
yielding
χa(t) ≡ φanew(t) = eiΩ qat φaold(t) (3.28)
= Ca ei qa Ω t + Aa ei(qa−1)Ω t , (3.29)
where qa is the R-charge of φ
a. The Lagrangian in equation (3.25) becomes
L = |χ˙a|2 + i (1−2qa)
2
Ω
(
˙¯χaχa − χ¯aχ˙a)+ qa(qa − 1)Ω2 |χa|2 . (3.30)
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The new terms in the Lagrangian can be thought of as centrifugal (or electric) and
Coriolis (or magnetic) forces due to the rotating frame transformation. An interesting
symmetry can be observed between qa = 0 and qa = 1. In both cases the Lagrangian
describes free motion in a magnetic field of equal magnitude, but of opposite sign. In
line with this, the transformed motion in equation (3.28) is
χa(t)|qa=0 = Ca + Aa e−iΩ t , χa(t)|qa=1 = Ca eiΩ t + Aa , (3.31)
so Ω→ −Ω and the roles of amplitude and center get switched. More generally, there
is a symmetry qa ↔ 1 − qa. The fixed point qa = 12 is distinguished by the absence of
any magnetic force.
In the context of an actual N = 2 flux compactification to AdS4, the R-charge
is identified with the R-charge of the N = 2 AdS4 superalgebra OSp(2|4), which in
turn typically arises as the Kaluza-Klein-charge of an isometry of the compactification
manifold. Hence, in such a setup we could, in principle, determine the actual qa. Here
our discussion is more general and we do not know, a priori, the values of the qa. In the
present case we have assumed W = 0, so any choice would give an R-symmetry. On
the other hand, if W 6= 0, the qa are not arbitrary, but constrained by the homogeneity
condition in equation (2.6). We consider this case next.
3.2.3 Nonabelian case with superpotential
A natural example of a system with a nonzero superpotential is the case of three arrows,
κ = 3, and N > 1, with superpotential
W =
c
3
abc Tr
(
φaφbφc
)
, (3.32)
with c some constant. This choice leads to a commutator-squared type potential:
|∂W |2 = c
2
2
Tr
(
[φa, φb] [φa, φb]†
)
. (3.33)
This superpotential actually has an extended, nonabelian R-symmetry, but in line with
the above discussion let us consider just the U(1)R subgroup. The constraint in equation
(2.6) becomes
q1 + q2 + q3 = 2 . (3.34)
This has a two-dimensional family of solutions, all of which provide R-symmetries of
the system. This is a manifestation of the presence of an extended R-symmetry. One
possible choice is
(q1, q2, q3) = (1, 1, 0) . (3.35)
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After transforming to the ρ = 2 AdS frame by redefining, as before, χa(t) ≡ eiΩ qat φa(t),
the Lagrangian in equation (3.23) becomes (in A = 0 gauge):
L = Tr( |χ˙a|2 − c2
2
[χa, χb] [χa, χb]† − 1
2m
[χa†, χa] [χb†, χb] + i
2
saΩ
(
χ˙a†χa − χa†χ˙a) ) ,
(3.36)
with (s1, s2, s3) = (−1,−1,+1). To compare this to the nonabelian D0-brane La-
grangian in real coordinates, we decompose the complex matrices χa into real and
imaginary parts as χa = ua + iva. Then we have
Tr
(
[χa, χb] [χa, χb]†
)
= −Tr([ua, ub]2 + [va, vb]2 + [ua, vb]2 + [va, ub]2)
+ 2 Tr
(
[ua, va][ub, vb]
)
,
Tr
(
[χa†, χa] [χb†, χb]
)
= −4 Tr([ua, va][ub, vb]) ,
and thus, denoting (y1, y2, y3, y4, y5, y6) ≡ (u1, v1, u2, v2, u3, v3),
Tr
(
[χa, χb] [χa, χb]† + 1
2
[χa†, χa] [χb†, χb]
)
= −Tr [ym, yn]2 . (3.37)
Hence we see that for this particular combination of complex field commutators, which
corresponds to setting c ≡√2/m in (3.36), we obtain an SO(6)-symmetric commutator
squared term. Finally, to bring the kinetic term into the same form as the kinetic term
of the vector X as in (3.1), we rescale yn =
√
m
2
Y n, so (3.36) becomes
L = mTr(1
2
Y˙ 2 + 1
4
[Y m, Y n]2 + 1
2
Ω εmn Y
mY˙ n
)
, (3.38)
where εmn is a block-diagonal antisymmetric matrix with ε12 = −1, ε34 = −1, and
ε56 = +1. If we call the space parametrized by the 3-vector X
i external and the space
parametrized by the 6-vector Y n internal, then this is precisely the 6d internal-space
part of the Lagrangian of a stack of D0-branes with a flat internal space threaded by
the R-R 2-form field
F = Ω
(−dY 1 ∧ dY 2 − dY 3 ∧ dY 4 + dY 5 ∧ dY 6) . (3.39)
Apart from the orientation reversal of the (12) and (34) planes, this is the same magnetic
field as in equation (3.26), leading to cyclotron motions with frequency ±Ω similar to
those in equation (3.27). As noted there, this is also the D0 cyclotron frequency in the
AdS4 × CP 3 flux compactification dual to ABJM theory, so we see that this simple
quiver model already captures quite accurately the dynamics of D0-branes in string
flux compactifications. This could be improved further by generalizing the models to
arbitrary target space Ka¨hler potentials.
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This D0-model is just one of many possible one-node quiver models. Different
values of c, for example, lead to models with the SO(6) symmetry of the Lagrangian in
equation (3.38) broken so some subgroup, modeling D-branes in flux compactifications
with fewer isometries than AdS4 ×CP 3. More generally, instead of D0-branes, we can
model internally wrapped branes of different dimensions, possibly carrying worldvolume
fluxes, and so on. The adjoint scalars φa will then correspond to geometric-deformation
moduli of these brane configurations. From the general form of the deformed quiver
Lagrangian it is clear that magnetic fields like (3.26) will be a generic feature. However,
in general these magnetic fields live on D-brane moduli space; they no longer have a
direct physical-space interpretation as in the case of D0-branes. Nevertheless, their
effect will be similar, causing oscillatory motion even in the absence of a potential on
D-brane moduli space. Such dynamical features can presumably also be thought of
as the result of the presence of background magnetic R-R-fluxes interacting with the
D-branes.
3.2.4 BMN matrix mechanics
The BMN matrix model describes D-branes or M-branes in a supersymmetric plane-
wave background [8]. Although its interpretation is quite different from the nonrelativis-
tic D-particles in AdS we have been considering so far, its Lagrangian is nevertheless a
special case of our general massive quiver Lagrangian. It corresponds to a quiver with
one node and three arrows and a cubic superpotential of the form in equation (3.32),
but now with
q1 = q2 = q3 =
2
3
, ρ =
3
2
, (3.40)
instead of ρ = 2 and the R-charge assignments in equation (3.35). Thus, the field
redefinition of equation (2.7) becomes φa = e−i
1
2
Ω t χa, which, for the chiral scalar
field, is effectively the same as the case qa =
1
2
in equation (3.28). From equation
(3.30) we can then immediately read off that the magnetic interaction vanishes for
the transformed Lagrangian for χa in this case, and that instead a harmonic oscillator
potential V (χ) = 1
4
Ω2|χa|2 appears. Performing the same changes of variables as those
leading up to equation (3.38), and combining this with the Langrangian in equation
(3.1) for the vector multiplet scalars X i, we obtain the Lagrangian
L = mTr(1
2
X˙2 + 1
2
Y˙ 2 − 1
2
Ω2X2 − 1
8
Ω2 Y 2 − iΩ ijkX iXjXk + · · ·
)
, (3.41)
where the ellipsis denotes the fermionic and the commutator squared terms. (Some of
these arise from the interaction part L0I in equation (2.1), which we have ignored so far
in this section.) This correctly matches the BMN model, and it can be checked that the
same holds for the fermions. The equality of the R-charges allows for an enhancement
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of the R-symmetry group from U(1) to SO(6). Consequently, the superalgebra is also
enhanced from su(2|1) to su(2|4).
3.3 Two nodes, κ arrows
U(1) 𝜅 U(1)
Figure 4. A two-node quiver representing a matrix model with two vector multiplets, with
gauge groups U(1), and κ chiral multiplets.
Our next example is a quiver with two nodes and κ arrows, and dimension vector
(1, 1), hence two U(1) vector multiplets containing the scalars xiv and κ charge (−1, 1)
chiral multiplets containing the scalars φa, see figure 4.
3.3.1 Lagrangian
Since we will not need the fermions in our discussion here, we just give the bosonic
part of the Lagrangian, Lb = LbV + LbC , with
LbV =
m1
2
(
x˙21 +D
2
1) +
m2
2
(
x˙22 +D
2
2)− θ1D1 − θ2D2
− Ω2 (1
2
m1x
2
1 +
1
2
m2x
2
2
)
+ Ω
(
θ1A1 + θ2A2
)
, (3.42)
LbC = |Dtφa|2 −
(|x1 − x2|2 +D1 −D2)|φa|2
− 1
2
Ω i
(
φ¯aDtφa − (Dtφ¯a)φa
)
, (3.43)
where Dtφa = ∂tφa + i(A1 − A2)φa. Since a superpotential is forbidden by gauge
invariance, the equations of motion for the auxiliary fields F a are trivial; that is F a = 0.
Varying the gauge fields together, i.e., δA1 = δA2, gives the consistency constraint
Ω (θ1 + θ2) = 0 . (3.44)
This is analogous to the Ω θ = 0 consistency constraint we found for the single node
quiver. In what follows we will therefore assume θ1 + θ2 = 0.
As in the single node case, the xiv may be thought of as the positions of two
massive particles near the bottom of an AdS potential well, with Ω = 1/`AdS. De-
spite the absence of translation invariance when Ω 6= 0, the exact proportionality of
potential and kinetic terms for the vector multiplet means it is still possible to sepa-
rate the Lagrangian into a decoupled center-of-mass (c.o.m.) part and a relative part,
L = Lc.o.m. + Lrel. Given the gravitational interpretation of the potential, this can be
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interpreted as a consequence of the equivalence principle. Define c.o.m. variables Y0
and relative variables Y for the vector multiplet as Y0 ≡ (m1Y1 +m2Y2)/(m1 +m2) and
Y ≡ Y2 − Y1, for Y = xi, A,D, λ. Then the bosonic part of the c.o.m. Lagrangian is
given by
Lbc.o.m. =
m1 +m2
2
(
x˙20 − Ω2x20 +D20
)
, (3.45)
and the bosonic part of the relative Lagrangians is
Lbrel =
µ
2
(
x˙2 − Ω2x2 +D2)+ θ(ΩA−D) (3.46)
+ |Dtφa|2 − (x2 −D)|φa|2 − 12 Ω i
(
φ¯aDtφa − (Dtφ¯a)φa
)
, (3.47)
where
θ ≡ θ2 = −θ1 , µ ≡ m1m2
m1 +m2
, Dtφa ≡ (∂t − iA)φa . (3.48)
We may also integrate out the auxiliary D field, leading to the following potential:
V (x, φ) =
µΩ
2
|x|2 + |x|2|φa|2 + 1
2µ
(|φa|2 − θ)2 . (3.49)
Notice that if θ > 0, the potential attains its (zero) minimum at x = 0, |φa|2 = θ,
whereas if θ < 0, the potential reaches its (nonzero) minimum at x = 0, φa = 0. If x is
held fixed at some sufficiently large fixed value, V (φ) is minimized at φ = 0.
In the flat-space case, these observations essentially determine the bound state
formation properties of the system [4]. In the massive case however, the Gauss’s law
constraint will significantly alter this analysis. We turn to this next.
3.3.2 The Gauss’s law constraint and confinement
The Gauss’s law constraint will turn out to have rather dramatic consequences; when
Ωθ 6= 0, it causes the particles to be confined by fundamental strings. The Gauss’s law
constraint is obtained by varying the Lagrangian with respect to A. Working in the
gauge A ≡ 0, we obtain:
Ω
(
θ − |φ|2)+ i(φ¯aφ˙a − ˙¯φaφa) = 0 , (3.50)
where |φ|2 ≡ ∑a |φa|2. One immediate consequence is that φ = 0 is inconsistent if
Ωθ 6= 0, and that more generally, the Gauss’s law constraint will force the φa to be in
some excited state. Clearly then, the naive energy minimization analysis under (3.49)
must be modified.
In what follows we will interpret the constraint in string theory as a lower bound
nmin on the number of physical open strings stretched between the two particles. More
specifically, we will find nmin = Ω θ.
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Recall that in a 10d string context, the two particles in AdS correspond to two
distinct internally wrapped D-branes, and the φa correspond to the lightest open-string
modes that exist between the two branes. Roughly speaking, this means that if we hold
x fixed and quantize the φa, the n-th energy level can be thought of as a state containing
n stretched strings, all in their string oscillator ground state. To check this, let us
assume a large fixed separation |x|, so we can view the φa as simple harmonic oscillators
with frequency |x|. Their n-th level excitation energy is then equal to n|x|. Keeping in
mind our choice of units, equation (3.14), this is indeed the energy of n fundamental
strings stretched over a distance |x|. In the same vein, classical field excitations of φa
may be thought of as quantum coherent states, which are superpositions of infinitely
many different string number eigenstates. For large amplitudes however, the string
number probability distribution will be sharply peaked, and we can infer the minimal
number of strings by simply computing the minimal classical energy stored in the φa
at large separation.
Since the Gauss’s law constraint in equation (3.50) involves time derivatives, it will
be necessary to include kinetic energy contributions in the energy budget, and take
into account the dynamical equations of motion. It will be convenient to keep the
auxiliary fields explicit in the computation. The total energy derived from the relative
Lagrangian is
Erel = x˙
i∂Lrel
∂x˙i
+ φ˙a
∂Lrel
∂φ˙a
+ ˙¯φa
∂Lrel
∂ ˙¯φa
− Lrel (3.51)
=
µ
2
(
x˙2 + Ω2x2 −D2)+ θD + |φ˙|2 + (x2 −D)|φ|2 , (3.52)
and here |φ˙|2 ≡∑a |φ˙a|2. The equations of motion derived from Lrel are
µ
(
x¨+ Ω2 x
)
+ 2 |φ|2 x = 0 (3.53)
µD − θ + |φ|2 = 0 (3.54)
φ¨a + iΩ φ˙a + (x2 −D)φa = 0 . (3.55)
If we assume for a moment that x and D are time-independent, the general solutions
to equation (3.55) are
φa = αa e−iω+t + βa e−iω−t , ω± = 12Ω±
√
1
4
Ω2 + x2 −D . (3.56)
On this set of solutions, assuming the argument of the square root is positive, the
Gauss’s law constraint in equation (3.50) is equivalent to:
|β|2 − |α|2 = Ω θ√
Ω2 + 4(x2 −D) , (3.57)
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where |α|2 = ∑a |αa|2 and |β|2 = ∑a |βa|2. Notice in particular that if θ > 0, the
βa cannot all vanish, and if θ < 0, the αa cannot all vanish. The contribution to the
total energy in equation (3.52) from the motion of the φa is, taking into account the
constraint in equation (3.57),
Erel,φ ≡ |φ˙|2 + (x2 −D)|φ|2 = 12
(
Ω2 + 4(x2 −D))(|α|2 + |β|2)− 1
2
Ω2θ . (3.58)
In view of the constraint in equation (3.57), we see that for θ > 0 the energy is
minimized when |α|2 = 0 (and |β|2 > 0), and for θ < 0 when |β|2 = 0 (and |α|2 > 0),
and for θ = 0 when |α|2 = |β|2 = 0. In each of these cases we have
|φ|2 = Ω|θ|√
Ω2 + 4(x2 −D) (3.59)
and the corresponding minimal value of the energy stored in the oscillating φa fields is
Erel,φ =
1
2
Ω|θ|
√
Ω2 + 4(x2 −D)− 1
2
Ω2θ . (3.60)
In particular, in the limit |x| → ∞, with everything else fixed, this becomes
Erel,φ ≈ Ω|θ||x| , (3.61)
which, taking into account our units, equation (3.14), is the characteristic confining
linear energy of Ω|θ| fundamental strings. Hence, we conclude that the minimal number
of stretched open strings is
nmin = Ω|θ| . (3.62)
We end this part with a more careful analysis of the regime of validity of our
analysis. In actual solutions to the full system of equations of motion, x and D will
not be time independent, and moreover φ will back-react onto x and D, leading to a
complicated nonlinear system of equations. However, if |x|2−D  1
4
Ω2 and |φ|2  µΩ2,
the oscillatory motion of x will be much slower than that of the φa, hence to a good
approximation the φa will oscillate as stated above, with slowly varying amplitude and
frequency. To describe this regime more explicitly, notice from (3.59) that |x|2 −D 
1
4
Ω2 implies |φ|2  |θ|, and therefore by (3.54) that D ≈ θ/µ. Thus self-consistency
requires |x|2 − θ
µ
 1
4
Ω2, and moreover we have from (3.59) that |φ|2 ≈ Ω|θ|√
Ω2+4(x2− θ
µ
)
≈
Ω|θ|
2
√
x2− θ
µ
. Our second condition |φ|2  µΩ2 thus becomes |θ|
µ
 2 Ω
√
x2 − θ
µ
. Since we
have already assumed x2 − θ
µ
 1
4
Ω2, this condition is satisfied if |θ|
µ
 Ω2. Thus, we
conclude that the above separation into fast and slow variables is valid in the regime
|x|  Ω
√
|θ|
µ
. (3.63)
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Moreover, in this regime we have
D ≈ θ
µ
, |φ|2 ≈ Ω|θ|
2|x| , Emin,φ ≈ Ω|θ||x| , (3.64)
so that the equation of motion effectively becomes
µ
(
x¨+ Ω2 x
)
+ Ω|θ| x|x| = 0 , (3.65)
which is the equation of motion for the relative position of two nonrelativistic particles
in AdS4 connected by Ω|θ| fundamental strings.
3.3.3 Ground state structure
In the flat-space case, Ω = 0, the ground state structure of the model can easily
be inferred from a static potential analysis, as was done under equation (3.49). In
particular, one finds the system has a classical supersymmetric ground state at x = 0,
|φ|2 = θ if θ > 0, and no supersymmetric ground state if θ < 0. In the former case,
the relative U(1) is Higgsed and we obtain a bound state, which can be thought of as
a fusion of the two constituent branes into one [26]. In the latter case, the minimal
energy configuration has φ = 0 but x arbitrary, so the relative U(1) remains unbroken
and classically there is no bound state.
Interestingly, the supersymmetric bound state at θ > 0 survives the Ω 6= 0 mass
deformation entirely unaffected, at least classically. It is easy to check that D =
x˙ = φ˙ = 0, |φ|2 = θ solves the equations of motion while satisfying the Gauss’s law
constraint. The energy (3.52) is minimized at zero on this configuration. Furthermore,
this solution is supersymmetric, as follows by checking δλ = δψ = 0.
For θ < 0, the situation is more complicated. The Gauss’s law constraint forbids
the undeformed solution φ = 0, and the presence of confining strings means that the
ground state remains a bound state, but one with broken supersymmetry. It is possible
to derive analytic expressions for the energy as a function of θ, but as this will be of
no further use to us in this paper, we will not do this here.
3.3.4 Concluding comments
The interpretation of a nonzero θvΩ as a minimum number of confining strings attached
to a particle also suggests an interpretation of the “overall part” of the Gauss’s law
constraint, i.e., Ω (θ1 + θ2) = 0 for the two-node quiver, and Ω θ = 0 for the one-node
quiver. When there are two particles, it is possible to have finite energy configurations
with nonzero θv for the individual nodes, because the strings emanating from one
particle can terminate on the other one. The number of strings emanating from the
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first particle is Ω|θ1| and the number of strings terminating on the other one Ω|θ2|.
If θ1 + θ2 = 0, there are as many strings coming out of the first particle as there are
strings going into the second. However if θ1 + θ2 6= 0, some strings have nowhere
to go and hence must stretch all the way to the conformal boundary of AdS, leading
to an infinite energy configuration. It is reassuring that this situation is excluded by
consistency from these low energy models, which only include string modes stretched
between the particles.
A more complete analysis of the two node quiver system requires the use of quantum
mechanics. We provide the quantum Hamiltonian and other generators of the super-
symmetry algebra in appendix D, but will not perform the analysis here. A quantum
treatment also requires integral quantization of nmin = Ω|θ|, thus imposing a quantiza-
tion condition on the FI parameter. This may seem obscure from our treatment above,
but becomes clear upon recalling that the Gauss’s law constraint is a charge cancella-
tion constraint. Explicitly, the quantum Gauss’s law constraint is given by equation
(D.23), which requires the sum of the diagonal U(1) gauge charge and the background
charge Ωθv to cancel for each node v. Quantization of θv is therefore a consequence of
Gauss’s law and the integral quantization of this U(1) charge.
Another interesting quantum question, raised in [14], is whether the “Coulomb
branch” bound states of [4] persist in the presence of confining strings. We leave this
to future work.
The appearance of confining strings ending on wrapped branes is a phenomenon
also universally observed in the context of flux compactifications. In fact, this was one
motivation for this work, prompted by the related difficulties encountered in [14]. In
the next section we will review this for the AdS4 × CP 3 flux compactification of type
IIA string theory, and compare in some detail the properties of the two-node quiver
derived here with properties of wrapped branes in this compactification.
4 Comparison to wrapped branes on AdS4 × CP 3
The various examples of massive matrix models we have considered all describe some
features of wrapped branes in general AdS4 flux compactifications. To make the com-
parison more precise, we consider the specific AdS4 × CP 3 compactification of type
IIA string theory, with N units of magnetic R-R 6-form flux and k units of magnetic
R-R 2-form flux [5, 6], holographically dual to the ABJM theory [7]. We will focus, in
particular, on the confining fundamental strings between internally wrapped D-branes
and the role of the FI parameters θv, which we identify in terms of the parameters of
this compactification.
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4.1 Notation and conventions
As before, we work in the notation and conventions of [24]. This means, in particular,
the type IIA supergravity action contains the terms
SIIA =
2pi
g2sL
8
s
ˆ
d10x
√−g (e−2φR− 1
2
F (2) ∧ ∗F (2) − 1
2
F (4) ∧ ∗F (4) + · · · ) , (4.1)
where F (2) = dC(1) and F (4) = dC(3) + dB(2) ∧ C(1), and
Ls = 2pi
√
α′ (4.2)
is our convention for the string length in this section.3 The abelian Dp-brane action is
SDp = − 2pi
gsL
p+1
s
ˆ
dp+1x e−φ
√
− det(g + L2sF) +
2pi
gsL
p+1
s
ˆ ∑
nC
(n) ∧ eL2sF , (4.3)
with F = 1
L2s
B(2) + 1
2pi
dA(1), A(1) being the U(1) gauge field living on the brane world-
volume.
4.2 AdS4 × CP 3 flux compactification
With these conventions, the AdS4 × CP 3 flux compactification, originally described
in [5, 6] and more recently studied in [7, 27] and many other works, consists of the
following nontrivial IIA supergravity field excitations. The metric is of product form
ds2 = ds2AdS4(`) + ds
2
CP 3(L) , L = 2 ` , (4.4)
where ds2AdS4(`) denotes the metric on AdS4 with radius `, i.e., the hyperboloid ηIJX
IXJ =
−`2 embedded in R5 with signature (−,−,+,+,+) metric ds2R5 = ηIJdxIdxJ , while
ds2CP 3(L) denotes the metric on CP
3 with radius L, i.e., the sphere δijZ
iZ¯j = L2 em-
bedded in C4 with Euclidean metric ds2C4 = δijdZ
idZ¯j, quotiented by the U(1) action
Zi → eiφZi. The quotient space has three complex dimensions and is a Ka¨hler manifold
with Ka¨hler form JCP 3(L). The R-R 4-form and 2-form field strengths are
F (4) =
3
`
dVAdS4(`) , F
(2) =
1
`
JCP 3(2`) . (4.5)
The NS-NS 2-form B(2) = 0 and the dilaton φ = 0. The dual magnetic flux to F (4) is
F (6) = ∗F (4) = −3
`
dVCP 3 = −3` 16J3CP 3 . The minus sign arises because of the Lorentzian
3In [24] other versions of the string scale are introduced, namely `s ≡
√
α′ as well as λ ≡ 2piα′.
The massive quiver Lagrangian in equation (2.1) is given in units with λ = 1, i.e. Ls =
√
2pi.
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signature of the 10d metric.4 The complex surface Z1 = 0 defines a CP 2 submanifold
of CP 3, and the complex curve Z1 = Z2 = 0 similarly defines a CP 1 submanifold. The
fluxes through these cycles are integrally quantized as
1
gsLs
ˆ
CP 1
F (2) = k ,
1
gsL5s
ˆ
CP 3
F (6) = −N , (4.6)
with k and N positive integers (positivity follows from F (2) ∝ +J , F (6) ∝ −J3 and
positivity of the Ka¨hler form). Using some basic algebraic geometry (see, e.g., [28]
section 5.4 and equation (5.16)), the volume of these CP n subspaces, n = 1, 2, 3, are
found to be
vol(CP n) =
ˆ
CPn
1
n!
JnCP 3(2`) =
1
n!
(4pi`2)n . (4.7)
Using F (2) = 1
`
JCP 3 and F
(6) = −3
`
1
6
J3CP 3 , together with (4.6) and (4.7), we obtain the
relation 1
gsLs
1
`
(4pi`2) = 4pi`
gsLs
= k and 1
gsL5s
3
`
1
6
(4pi`2)3 = 2
5pi3`5
gsL5s
= N . Solving these for gs
and `, we get
gs =
(
32 pi2N
k5
) 1
4
, ` =
(
N
8 pi2k
) 1
4
Ls , (4.8)
where we recall we define Ls = 2pi
√
α′ and work in units where Ls =
√
2pi in the
quiver Lagrangian in equation (2.1). The four dimensional Planck length is defined as
`P ≡
√
GN, with the four dimensional Newton constant GN obtained by dimensional
reduction of equation (4.1), i.e., 1
16piGN
= 2pi
g2sL
8
s
vol(CP 3). In combination with equation
(4.7) this yields
`P =
(
3
8pikN
) 1
2
Ls . (4.9)
4.3 Probe brane masses
Type IIA string theory has 0-, 2-, 4- and 6-branes, which we can wrap on non-
contractible cycles of the same dimension in CP 3 to obtain charged particles in AdS4.
The bare masses of these particles can be obtained from the D-brane action in equation
(4.3). This was done in [27]. We review and streamline their computations here.
From (4.3) together with (4.7) and (4.8), it follows that a D(2n)-brane wrapped on
CP n (n = 0, 1, 2, 3) with F = 0 looks like a particle in AdS4 with mass
mD(2n) =
vn
n!
mD0 , v ≡ 4pi`
2
L2s
=
√
2N
k
, mD0 =
2pi
gsLs
=
k
2 `
. (4.10)
4This sign was missed in [27], which is the origin of the sign discrepancy with that work we will find
later, in the formula for the number of confining strings terminating on the brane, equation (4.16).
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The case with nonzero F can be considered with minimal additional effort. It is char-
acterized by a quantized flux w ≡ ´CP 1 F ;5 equivalently, we can write F = w4pi`2JCP 3 .
As for any Ka¨hler manifold, the Born-Infeld action in equation (4.3) now becomes pro-
portional to the absolute value of the complexified Ka¨hler volume, rather than the real
Ka¨hler volume we had before. The complexified Ka¨hler volumes are obtained as in
(4.7) after substituting
J → JC ≡ J + iL2sF = J + i
w
v
J . (4.11)
This changes (4.10) to
mD(2n)(w) =
∣∣∣∣(v + iw)nn!
∣∣∣∣ mD0 = (v2 + w2)n2n! mD0 . (4.12)
From the second part of the D-brane action in equation (4.3), we can furthermore infer
that turning on F induces lower dimensional D-brane charges; for example, on a singly
wrapped D6-brane (qD6 = 1), we get an induced qD4 = w, qD2 =
w2
2
and qD0 =
w3
6
.
Expanding 1
6
|(v + iw)3| = 1
6
|(iv − w)3| = |1
6
(iv)3 − 1
2
w(iv)2 + 1
2
w2(iv) − 1
6
w3|, we can
alternatively write the mass formula in equation (4.12) in terms of a complexified mass
µQ that depends linearly on the charge Q = (qD6, qD4, qD2, qD0) as
mQ = |µQ|, µQ ≡
(
1
6
qD6 (iv)
3 − 1
2
qD4 (iv)
2 + qD2 (iv)− qD0
)
mD0 . (4.13)
In terms of the four-dimensional Planck mass in equation (4.9) this becomes
mQ =
1
`P
|ZQ| , ZQ ≡
(
3
4v3
) 1
2
(
1
6
qD6 (iv)
3 − 1
2
qD4 (iv)
2 + qD2 (iv)− qD0
)
. (4.14)
In asymptotically flatN = 2 supergravity theories, the energy of a BPS bound state
is given by a central charge formula E = 1
`P
|Z|. Recall the central charge of a BPS
particle is a complex parameter, determined as a function of its electric and magnetic
charges and of the background scalars of the supergravity theory. In the asymptotically
flat-space context, it is defined as the eigenvalue of the state under the action of the
central charge operator that appears in the N = 2 flat-space superalgebra [29]. Its
phase parametrizes the N = 1 subspace inside the N = 2 superalgebra preserved by
the BPS state [30]. In the context of geometric N = 2 string compactifications to flat
space, the central charge of a BPS particle produced by wrapping a brane on a compact
cycle has a geometrical interpretation and can be computed as such [31].
5Roughly speaking, w is integrally quantized. In general, this may be shifted by non-integral
amounts due to curvature effects and B-fields. We will ignore these subtleties here, since they do not
matter for our purposes. Furthermore, in the regime k,N →∞, kN  1, in which 10d supergravity is
reliable, the ratio w/v effectively becomes a continuous parameter, and we will treat it as such here.
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In the context of the AdS4 compactifications we are considering, though, there
is no corresponding central charge operator in the superalgebra osp(2|4). It is thus
remarkable that we find equation (4.14), which has the same form as a BPS central
charge formula.
In [14], a simple gauged N = 2 supergravity model was considered in an attempt
at capturing the low-energy bulk dynamics of AdS4 flux compactifications such as the
CP 3 compactification under consideration here. The simple model was chosen because
it provides the minimal amount of ingredients needed to lift the multicentered bound
states of [4, 15–17] to AdS4 while staying within an N = 2 supergravity framework.
Based on the close similarity of this supergravity theory to ungauged N = 2 super-
gravity, where BPS extremal black holes have mass m = 1
`P
|Z|, together with the fact
that the mass of an extremal black hole becomes insensitive to the AdS curvature
when the black hole is much smaller than the AdS radius, a mass formula was postu-
lated for charged probe particles in this model. Interestingly, this formula (equation
(2.10) in [14]) coincides exactly with equation (4.14) above, upon identifying y = v
and (p0, p1, q1, q0) = (qD6, qD4, qD2,−qD0), with the difference in sign for the D0-charge
being due to a trivial difference in conventions.
However, as was pointed out already in [14], this model misses an important feature
of all actual flux compactifications of string theory, namely the fact that a subset
of charges obtained by wrapping branes on internal cycles are in fact confined; they
necessarily come with fundamental strings attached. In the following section we will
review this phenomenon in more detail for AdS4 × CP 3.
4.4 Confining strings
In the AdS4 × CP 3 flux compactification under consideration, wrapped D2- and D6-
branes necessarily come with confining fundamental strings attached. From a low-
energy effective field theory point of view, this is due to the fact that these have a
nonzero magnetic charge with respect to a Higgsed U(1) [7]. The Higgs condensate
forces the magnetic flux lines into flux tubes, which act as confining strings. This
can also be seen directly from the Gauss’s law constraint for the D-brane worldvolume
gauge field. Consider a D6-brane wrapped on CP 3. Varying the action in equation
(4.3) with respect to the gauge field A leads to the Born-Infeld generalization of the
Maxwell equations of motion
d ∗7 G(2) = F (6) + L4s2 F (2) ∧ F ∧ F . (4.15)
The 2-form G(2) is the Born-Infeld field strength, the detailed form of which does not
matter. The terms on the right hand side arise from varying the second part of the
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action with respect to A and integrating by parts, using F (n) = dC(n). Integrating
both sides of the equation over the CP 3 and using (4.6) gives 0 = −N + k w2
2
, or more
generally −NqD6 + kqD2 = 0. The brane configuration is only considered consistent
when this equation is satisfied. In all other cases, the background fluxes induce an
electric tadpole for the worldvolume U(1) gauge field that must be canceled by other
sources. The only other such sources are fundamental string endpoints terminating on
the D-brane, for those indeed couple as unit point charges to the gauge field, with sign
depending on the orientation of the string. Thus, in general, the Gauss’s law constraint
forces a nonzero net number NF = Nin −Nout of fundamental strings to terminate on
the D-brane, given by
NF = N qD6 − k qD2 . (4.16)
The overall sign is a matter of conventions and we will not try to be precise about it,
but the relative sign is important. It disagrees with [27] but agrees with [7].
4.5 Comparison
The brane-confining strings appearing here and the quiver-confining strings appearing
in section 3.3.2 have essentially identical origins and properties, so it seems clear they
must be referring to the same things. Nevertheless, this leads to some remarkable
predictions, one of them being that, when scanning over parameter space (e.g., over
brane worldvolume fluxes), supersymmetric bound states of two wrapped D-branes
cease to exist exactly when the confining strings disappear. In the quiver model this is
an immediate consequence of sections 3.3.2 and 3.3.3.
To make a more refined comparison, let us consider a 2-particle system consist-
ing of a wrapped D6 with worldvolume U(1) flux w and the corresponding anti-
brane, a wrapped D6 with flux −w. The Dp-charges of these two branes are Q1 ≡
(1, w, 1
2
w2, 1
6
w3) and Q2 ≡ (−1, w,−12w2, 16w3), respectively. The total charge of the
system is Qtot = Q1 + Q2 = (0, 2w, 0,
1
3
w3). From (4.16) we see these two branes have
NF = N − k w22 strings stretched between them, and none running off to infinity.
We want to model this two-particle system as the 2-node quiver of section 3.3.
According to (3.62), we have |NF | = |θ|Ω = |θ|/`, with θ = θ2 = −θ1, in units with
2piα′ ≡ 1, and recall ` is the AdS4 radius. This suggests we should identify θ as follows
for this system:6
θ = ` (N − w2
2
k) . (4.17)
6We picked the + sign because this leads to the existence of supersymmetric bound states with
D4-D0 charge in the limit in which the the CP 3 is much larger than the string scale, which is the limit
N/k →∞, according to (4.8). This is consistent with geometric considerations.
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More generally, this suggests identifying the FI parameter θv of a node corresponding
to a wrapped brane with charge Qv = (qD6,v, qD4,v, qD2,v, qD0,v) as
θv = ` (N qD6,v − k qD2,v) . (4.18)
In the case of flat-space quivers, considerations of binding energies, perturbative string
spectra and comparison to supergravity bound states leads one to identify the FI pa-
rameter θp of a node with charge Qp as θp = Im
(
e−iαµQp
)
, where µQ =
1
`P
ZQ is the
complexified mass and ZQ the usual N = 2 central charge, and α is the phase of
Ztot =
∑
p ZQp [4]. This identification is expected to be valid at least in the regime
of small mutual phase differences of the constituents. For the charges considered here,
when w is not too large, we have α = 0, so in the flat-space case we would be led to
θp = Imµp. One may wonder whether a similar identification holds in the AdS case at
hand.
To check this, we compute the imaginary part of the complexified mass defined in
(4.13), again with 2piα′ ≡ 1:
ImµQ2 =
1
6
v3mD0 − w22 v mD0 = 13`N − w
2
2
`k . (4.19)
This is almost the same as equation (4.17), but differs from it in the extra factor 1
3
multiplying the first term. To appreciate the physical differences with the flat-space
case, and to think about whether we should have expected something like this or not
on physical grounds, let us consider the case in which the phases of the complexified
masses µ1 =
1
6
(−w + iv)3mD0 and µ2 = −16(w + iv)3mD0 line up. This happens
when w = 1√
3
v =
√
2N
3k
, since then µ1 = µ2 =
8v3
3
√
3
. In the flat space case this would
correspond to θ = 0 and marginal stability, because |µ1| + |µ2| = |µtot|. For slightly
larger w, a stable supersymmetric bound state would no longer exist. In the AdS
case at hand, however, when w = 1√
3
v, we have NF =
2N
3
, and θ = 2N`
3
> 0, hence
according to the quiver picture we do still get a stable supersymmetric bound state at
w = 1√
3
v. This is not in contradiction with physical expectations. Whereas it is true
that |µ1| + |µ2| = |µtot|, in AdS this does not mean the bound state is just marginal,
since the attached strings produce an additional binding force; unlike the flat-space
case, when we pull the two branes apart the total energy of the system is much larger
than the sum of their masses. Because of this, supersymmetric bound states may be
expected even for values of w substantially larger than 1√
3
v. This is indeed what we
see here, for as long as θ remains positive.
Eventually though, θ will become zero, and subsequently flip sign. This happens
when w = v =
√
2N
k
, since then NF = N − w22 k = 0. At this point in parameter space
no strings are left stretched between the two branes, and according to the quiver picture
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this is also the point where a supersymmetric bound state ceases to exist. Notice that
µ1 ∝ (1 + i) and µ2 ∝ (1 − i), so in contrast to the flat-space case, the complexified
masses do not line up at this stability wall; the mass of the bound state is a factor
√
2
smaller than the mass of its constituents. Upon further increasing w, confining strings
reappear, but with opposite orientation. Hence the two particles will still form a bound
state, albeit a nonsupersymmetric one.
To summarize, the sign of θ determines whether supersymmetric bound states exist
or not. In flat space, this is controlled by the relative phases of the complexified masses,
since when these phases line up, bound states become energetically marginally stable.
In AdS flux vacua, this kinematical argument fails, due to the presence of confining
strings and the AdS potential well. It is natural to expect this to facilitate the formation
of bound states, including supersymmetric bound states. Thus we expect the sign of θ
to “lag behind” with respect to the sign of the relative phases, changing sign only deep
in what, in flat space, would be the regime without bound states. This is indeed what
we see here.
It would be very interesting to check the bound state predictions of the quiver pic-
ture against dual CFT predictions or geometric D-brane considerations, and to compare
(4.17) to independent identifications of the FI parameter θ, such as perturbative string
spectra and brane binding energies, in analogy with the arguments reviewed in [4].
However, this is outside the scope of this paper.
5 Derivation from dimensional reduction on R× S3
In section 2.1 we presented the Lagrangian and supersymmetry transformations for
massive quiver matrix mechanics with four supersymmetries. In appendix C we sketched
how these can be obtained by brute force: add to the flat-space, “massless” quiver me-
chanics Lagrangian of [4] the most general set of terms compatible with gauge and
SO(3) invariance, keep the target-space metric flat, and fix the coefficients by imposing
supersymmetry. However, even just verifying this result is rather tedious. Hence, it
would clearly be desirable to have a more systematic way of obtaining the Lagrangian,
with the potential for generalizations in mind.
Indeed, for massless quivers, the arduous brute force route can be avoided by
making use of textbook results [32]. The Lagrangian and supersymmetries can be
obtained by simple dimensional reduction of 3+1-dimensional N = 1 quiver gauge
theories to 0 + 1 dimensions, truncating the Fourier expansion of the fields to the zero-
mode sector, i.e. to spatially constant fields. In this section we will explain how massive
quiver matrix mechanics can be obtained from an analogous reduction of N = 1 quiver
gauge theories on R× S3.
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Let us first recall why the truncation to the zero-mode sector works in the mass-
less case. The key property that guarantees this is translation invariance of the four-
dimensional theory. This implies that classically, fields with translationally invariant
initial conditions will remain translationally invariant at all times. For indeed, if they
did not, there would be a solution with translationally invariant initial conditions at
t = 0 that evolved to a non-translationally-invariant configuration at some later time t.
We could then translate this solution to obtain a different solution, evolving from the
same initial conditions. Classically, this is impossible, so we have arrived at a contradic-
tion.7 Thus, the truncation to translationally invariant fields is classically consistent.8
A second key fact is that the four-dimensional N = 1 supersymmetry generators com-
mute with the translation generators and hence the supersymmetry transformations
likewise map translationally invariant fields to translationally invariant fields. Thus,
dimensional reduction by restriction to translationally invariant fields is guaranteed
to produce an N = 4 supersymmetric quiver matrix mechanics theory, inheriting its
symmetries from the parent four-dimensonal quiver gauge theory. A final element in
the story is the string theory interpretation of the dimensionally reduced theory, as
describing internally wrapped branes localized in space. In this setup, this follows
directly from the interpretation of the original quiver gauge theory as describing inter-
nally wrapped branes extending over all of space [1, 33, 34], making use of the close
relation of D-brane actions wrapping different numbers of flat directions. This, in turn,
can be traced to T-duality, as extensively reviewed and applied in [24].
The massive quiver matrix models we are after cannot be obtained by this kind
of elementary dimensional reduction of a Poincare´ invariant four dimensional gauge
theory. The main issue is that we want to obtain mass terms for the vector multiplets
such as µ
2
Tr (X i)2, but since the X i descend from the spatial components of the gauge
fields Ai in four dimensions, mass terms of this kind would break gauge invariance in
the parent theory. Moreover, we want the time component At of the gauge field to
remain massless, so the parent theory would have to break Lorentz invariance as well.
Although this seems discouraging, there is a version of the idea that does in fact work.
In [10], Kim, Klose and Plefka pointed out that the massive BMN matrix model can be
obtained by dimensionally reducing N = 4 super-Yang-Mills (SYM) theory on R×S3,
generalizing the way its massless cousin, the BFSS matrix model [9], can be obtained by
elementary dimensional reduction on flat space. We will use their ideas in combination
with the general description of N = 1 theories on R × S3 given in [21, 35] to obtain
7We assume here that all gauge redundancy has been fixed in a translationally invariant way.
8Quantum mechanically, things are more complicated. However, since our goal is simply to obtain
a reduced Lagrangian that is guaranteed to be supersymmetric by virtue of the symmetries of its
parent theory, we do not need to concern ourselves with this here.
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the massive quiver matrix mechanics of section 2.1 from N = 1 quiver gauge theories
in four dimensions. In this construction, the mass deformation scale Ω is proportional
to the inverse radius of the three-sphere.
5.1 Reduction on R× S3: general idea
We will describe the reduction in detail in the sections below, but let us first sketch
the general idea. The theory on R × S3 is invariant under the spatial isometry group
SO(4) ' SU(2)l×SU(2)r, so, in analogy with the translationally invariant case, we may
consistently truncate to, say, SU(2)r-invariant field configurations. By consistent trun-
cation, we mean that a classical solution to the dimensionally reduced theory is also a
solution of the full four-dimensional theory. Indeed, SU(2)r-invariant initial conditions
will evolve into SU(2)r-invariant field configurations, for if they did not, there would
be multiple classical solutions corresponding to the same initial conditions. Further-
more, in appropriate conventions, the supersymmetries commute with SU(2)r rotations
(though not with SU(2)l rotations) [35], hence they map the SU(2)r-invariant sector
into the SU(2)r-invariant sector. Thus, in complete analogy with the translationally
invariant case, the truncated theory inherits all four supersymmetries from its parent
theory.
To identify the field configurations invariant under SU(2)r, first recall we can
parametrize S3 by group elements u ∈ SU(2).9 The action of SU(2)l × SU(2)r on
a scalar field φ(u) is then given by φ(u) → φ′(u) = φ(g−1l ugr). From this we see that
an SU(2)r invariant scalar is actually constant on S
3; the truncation simply sets
φ(t, u) = φ(t) . (5.1)
For 1-form fields such as the gauge field, things are more subtle. There exist
nontrivial SU(2)r-invariant 1-forms, namely the three right-invariant 1-forms V
(i), i =
1, 2, 3, defined by du u−1 = i
Rs
∑
i V
(i)σi, where σi are the Pauli matrices and Rs is a
normalization factor that we take to be equal to the radius of the sphere, for reasons
explained below. Thus, for a gauge field A on R × S3 the truncation to the SU(2)r
singlet sector means it is of the form
A(t, u) = At(t) dt+X
i(t)V (i)(u) , du u−1 =
i
Rs
V (i)σi . (5.2)
Since d(du u−1) = du u−1 ∧ du u−1, we have that dV (i) = − 1
Rs
ijkV (j) ∧ V (k), and so we
can write the gauge field strength as
F = dA− i A ∧ A = DtX i dt ∧ V (i) −
(
i
2
[X i, Xj] + 1
Rs
ijkXk
)
V (i) ∧ V (j), (5.3)
9Explicitly, u =
(
z1 z2
−z¯2 z¯1
)
with (z1, z2) ∈ C2 and |z1|2 + |z2|2 = 1.
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where DtX
i = ∂tX
i − i[A,X i]. To obtain the reduced theory, we have to substitute
this in the Yang-Mills action
S = − 1
2g2YM
ˆ
R×S3
TrF ∧ ∗F , (5.4)
and integrate over S3. For this we need a metric. The metric on R × S3, with S3 the
round sphere of radius Rs, can be expressed in terms of the right-invariant 1-forms as
follows:
ds2 = −dt2 + 1
2
R2s tr (i du u
−1)2 = −dt2 + V (i)V (i) . (5.5)
Thus, with the normalization we chose, the V (i) form an orthonormal frame, and
∗ (dt ∧ V (i)) = −1
2
ijk V (j) ∧ V (k) , ∗(V (i) ∧ V (j)) = ijk dt ∧ V (k) . (5.6)
The reduced action is now easily obtained:
S = m
ˆ
dtTr
(
1
2
(DtX
i)2 − ( i
2
[X i, Xj] + 1
Rs
ijkXk
)2 )
, m =
2pi2R3s
g2YM
. (5.7)
The factor 2pi2R3s is the volume of the 3-sphere.
Comparing to the massive quiver matrix mechanics Lagrangian in equation (2.1),
we recognize the mass and Myers terms for X i, with mass deformation parameter
Ω =
2
Rs
. (5.8)
Other terms in the Lagrangian arise from different terms in the four dimensional action.
In particular, the coupling of the FI parameter θ to the gauge field At in equation (2.3),
causing the quiver confinement described in section 3.3.2, descends from a term of the
same form in the four dimensional SYM Lagrangian on R × S3, whose presence is
required by supersymmetry in this curved background [35, 36]. Similarly, the terms
linear in time derivatives of the chiral multiplet scalars in equation (2.3) are direct
descendants of such terms in the four dimensionalN = 1 chiral multiplet Lagrangian on
R×S3, again required by supersymmetry [21, 35]. Also, the peculiar time dependence
of the supersymmetry parameter is inherited from the time dependence already present
in the parent theory [21].
We provide some of the details of the reduction below. We will not spell out all
calculations, but will present all the necessary ingredients and present some sample
computations. The remainder of this section is as follows: in section 5.3 we collect the
different terms in the Lagrangian of N = 1 SYM on R×S3 coupled to chiral multiplets
as well as the supersymmetry transformations of the four dimensional fields; in section
5.4 we perform the dimensional reduction of the Lagrangian; in section 5.5 we discuss
the reduction of the supersymmetry transformations; and in section 5.6 we compare
our results to other models and mention possible generalizations.
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5.2 Interpretation of the dimensionally reduced model
Unlike the flat-space case, the interpretation of the S3-reduced gauge theory as de-
scribing localized particles in AdS is not immediately clear. While in the flat-space
case, space-filling D-branes and localized D-branes are directly related by T-duality,
there is no duality map we know of that would transform a D-brane wrapping S3 to
a D-branes localized in AdS4. Nevertheless, as we have seen in the previous sections,
the reduced theory does have the appropriate physical properties to be consistent with
this interpretation. More generally, we show in appendix D that the reduced theory
has superalgebra su(2|1)o u(1)R, and in appendix E that is precisely the superalgebra
expected for a superparticle in an N = 2 AdS4 compactification. This provides an
algebraic proof of the consistency of our interpretation. A better physical insight into
why this had to be the case would nevertheless be useful.
Another point which is not manifest from the derivation by dimensional reduction
is the conjecture, stated in section 2, that for connected quivers, the only possible
mass deformation preserving SO(3)-invariance and N = 4 supersymmetry (with a flat
metric on the target space) is the one we wrote down in equation (2.1). In other words,
that the mass deformation depends on just one parameter, Ω. Within the dimensional
reduction scheme, in view of the identification in equation (5.8), a massive quiver matrix
model with more than one mass deformation parameter ΩI would have to arise from a
compactification of fields living on spheres with different radii RI . There is of course
no obstruction to doing so for a quiver with more than one connected component, for
example, two nodes with no arrows between the nodes. Each connected component can
live on a different sphere in a trivial way, since the corresponding degrees of freedom
are completely decoupled from each other. However, vector multiplets associated with
two nodes connected by arrows cannot live on different spheres, since in order to write
down the four dimensional supersymmetric theory, each of them has to live on the same
sphere as the bifundamental chiral multiplets corresponding to those arrows. Of course,
this does not prove that N = 4 matrix mechanics with multiple mass parameters does
not exist for connected quivers; it merely shows that they cannot be constructed by
dimensional reduction along the lines detailed in this section. Nevertheless, it may be
viewed as evidence in favor of the conjecture.
5.3 N = 1 supersymmetric Lagrangians on R× S3
Here we will put together the different terms of the action
S =
ˆ
R×S3
d4x
√−gLR×S3 (5.9)
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for N = 1 supersymmetric gauge theories coupled to chiral multiplets, together with its
supersymmetries 10. Supersymmetric gauge theories on R × S3 were first constructed
in [35]. Modern techniques for putting supersymmetric field theories on curved back-
grounds, with explicit results for R × S3, are discussed in [21]. In that work, they
considered supersymmetric theories on arbitrary curved backgrounds. The idea is to
couple supergravity multiplets to other supersymmetric field theory multiplets, set the
gravitino to zero, and then freeze the bosonic fields of the supergravity multiplet by
taking GN → 0. Enforcing the vanishing of the gravitino variation results in a set of
constraints on the spacetime and auxiliary fields of the supergravity multiplet. We use
their results for the ‘new minimal’ supergravity formulation [36].
We will begin with the four-dimensional Lagrangian coupled to the ‘new minimal’
supergravity multiplet and then substitute background field values to get a N = 1
supersymmetric theory on R× S3. The ingredients of our Lagrangian are
• The supergravity fields (eiµ, ζα, Aµ, aµν) with eiµ the veilbein, ζα the gravitino,
Aµ an auxiliary U(1)R gauge field, and aµν an auxiliary abelian field. Our
Lagrangians will actually make use of the dual of the flux of aµν defined by
V µ = 1
4
µνλσ∂νaλσ. As usual we define e ≡ det(eiµ).
• The vector multiplet fields (Bµ, λα, D) with Bµ a u(n) valued gauge field, λα a
Weyl fermion, and D an auxiliary field. The fermion and auxiliary fields live in
the adjoint of U(N). The coupling constant will be denoted by gYM.
• A set of chiral multiplet fields (φi, ψiα, F i) with φi a complex scalar, ψiα a Weyl
fermion, and F i a complex auxiliary field. The multiplet is accompanied with a
gauge charge ci = ±1 denoting whether it lives in the fundamental (ci = +1) or
anti-fundmental (ci = −1) of U(N). Each chiral multiplet is charged under the
U(1)R gauge field Aµ and the charge is denoted by qi. Derivatives with respect
to the complex scalars will be denoted by subscripts i, j, . . . and with respect to
their conjugates by i¯, j¯, . . . . For example,
W¯i¯ =
∂
∂φi†
W¯ (φ†) . (5.10)
Spinor and gauge indices will almost always be suppressed.
A generic N = 1 theory is characterized by a real scalar function K(φ, φ†) (the
Ka¨hler potential), a holomorphic function W (φ) (the superpotential), and a holomor-
phic symmetric tensor fAB(φ) (the kinetic gauge function). For the models we are
10See appendix F for our index conventions for the spacetime R× S3.
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interested in we set K(φ, φ†) =
∑
i φ
i†φi, fAB = δAB, and leave the superpotential
arbitrary. We will comment at the end on how the dimensional reduction generalizes
to arbitrary Ka¨hler potentials and kinetic gauge functions.
When writing down the Lagrangian coupled to the supergravity backgrounds we
implicitly set the gravitino to zero, ζα → 0. The chiral Lagrangian with the superpo-
tential terms can be grabbed directly from equation (6.5) of [21] 11.
Lchiral =
(
−1
2
R− 3VµV µ
)(
1
2
qiφ
i†φi
)
+
(
F i†F i − Dˆµφi†Dˆµφi
)
+ iV µ
(
φi†Dˆµφi − (Dˆµφi†)φi
)
− iψi†σ¯µDˆµψi
+ F iWi − 1
2
Wijψ
iψj + F i†W¯i¯ −
1
2
W¯i¯j¯ψ
i†ψj† , (5.11)
where
Dˆµφi = (∂µ − iqiAµ − iciBµ)φi, Dˆµφi† = (∂µ + iqiAµ + iciBµ)φi† (5.12)
Dˆµψi =
(
∇µ − i(qi − 1)Aµ − i
2
Vµ − iciBµ
)
ψi . (5.13)
The vector Lagrangian can be pulled from equation (5.9) of [36], suitably generalized
to the nonabelian case. It can also be found in [37], equation (3.27):
Lvector = 1
g2YM
Tr
(
−1
4
FµνF
µν − iλ†σ¯µDˆµλ+ 1
2
D2
)
, (5.14)
where
Fµν = ∂µBν − ∂νBµ − i[Bµ, Bν ] (5.15)
Dˆµλ = ∇µλ− i(Aµ − 32Vµ)λ− i[Bµ, λ] . (5.16)
The remaining interaction terms between a nonabelian vector multiplet and a chiral
multiplet in the fundamental of the gauge group with flat Kahler potential can be taken
from equation (5.17) of [36]. These are reproduced in equation (3.24) of [37]. They are
identical to the flat space expressions:
Lint = ci[
√
2i(φi†λψi − ψi†λ†φi) + φi†Dφi] . (5.17)
We are also interested in Fayet-Iliopoulos (FI) terms, which are treated in equation
(3.1) of [36]. This piece of the Lagrangian was also written down in [35], but here we
show how one can get it directly from supergravity.
LFI = θTr(D + 2V µBµ) , (5.18)
11We use a definition of the Ricci scalar that gives positive curvature for R× S3.
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with θ some real number.
Now we have to substitute in the background supergravity fields. The constraint
that the gravitino variation vanish can be satisfied by setting the metric to that of
R× S3, Va = Aa = 0, and V0 = 1/Rs [21]. The scalar curvature is given by R = 6/R2s .
Lastly there is a choice for the field A0 related to the strength of the presence of the
R-current in the Lagrangian. Setting A0 = ρ/Rs will correspond to different R-frames
as described in section 2.3. Since different R-frames are physically equivalent in the
matrix model, we will simply set ρ = 0. The resulting four-dimensional Lagrangian
density we are now working with is
LR×S3 = Lchiral + Lvector + Lint + LFI (5.19)
Lchiral = −Dˆµφi†Dˆµφi − iψi†σ¯µDˆµψi + F i†F i
− i
Rs
(
φi†Dˆtφi − (Dˆtφi†)φi
)
+ F iWi − 1
2
Wijψ
iψj + F i†W¯i¯ −
1
2
W¯i¯j¯ψ
i†ψj† (5.20)
Lvector = 1
g2YM
Tr
(
−1
4
FµνF
µν − iλ†σ¯µDˆµλ+ 1
2
D2
)
(5.21)
Lint = ci[
√
2i(φi†λψi − ψi†λ†φi) + φi†Dφi] (5.22)
LFI = θTr
(
D − 2
Rs
B0
)
, (5.23)
with the following additional definitions for covariant derivatives
Dˆµφi = (∂µ − iciBµ)φi, Dˆµφi† = (∂µ + iciBµ)φi† (5.24)
Dˆtψi =
(
∂t − i
2Rs
− iciB0
)
ψi, Dˆaψi = (∇a − iciBa)ψi (5.25)
Dˆtλ = ∂tλ+ 3i
2Rs
λ− i[B0, λ] (5.26)
Dˆaλ = ∇aλ− i[Ba, λ] (5.27)
Fµν = ∂µBν − ∂νBµ − i[Bµ, Bν ] . (5.28)
The supersymmetry transformations with parameter ξ that leave this Lagrangian in-
variant are
δBµ = iλ
†σ¯µξ − iξ†σ¯µλ (5.29)
δλα = (−σµνFµν + iD) βα ξβ (5.30)
δD = ξ†σ¯µDˆµλ+ (Dˆµλ†)σ¯µξ (5.31)
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δφi =
√
2ξψi (5.32)
δψiα = i
√
2(σµξ†)αDˆµφi +
√
2ξαF
i (5.33)
δF i = i
√
2ξ†σ¯µDˆµψi + 2iciξ†λ†φi . (5.34)
The supersymmetry parameter ξ satisfies the differential equation (obtained by the
vanishing of the gravitino variation)
0 = ∇µξα + i(σµνξ)αV ν + i(Vµ − Aµ)ξα . (5.35)
The temporal and spatial components of this equation are given by
0 = ∂tξα +
i
Rs
ξα (5.36)
0 = ∇aξα − i
2Rs
(σaσ¯0ξ)α . (5.37)
The solution to these equations is given by
ξα = S
αˆ+
α ξ˜αˆ(t) = e
− i
Rs
tSαˆ+α ξ˜αˆ0 , (5.38)
where ξ˜αˆ(t) = exp(− iRs t)ξ˜αˆ0, ξ˜αˆ0 is an arbitrary two-component complex vector, and
Sαˆ+α is defined in appendix F.
5.4 Dimensional reduction of the Lagrangian
Here we reduce the four dimensional action in equation (5.9) to one dimension by
performing the integral over S3. We truncate to modes which are singlets under SU(2)r.
As we have seen already in section 5.1, for scalars this means we truncate to constant
modes, while for vectors it means we truncate to the right-invariant 1-forms. Similarly,
for spin 1/2 fields there is a finite number of SU(2)r invariant modes. It is possible to
go beyond this invariant sector and consider general mode expansions of the fields in
S3 spherical harmonics, classified by SU(2)l × SU(2)r representations. See appendix
F for details and conventions; in particular, table 2 lists all scalar, spinor and vector
harmonics. The SU(2)r-invariant sector corresponds to ` = 0 in this table.
The truncated mode expansions we substitute are thus
φi(t, ~x) = φ˜i(t) , ψiα(t, ~x) =
2∑
αˆ=1
ψ˜iαˆ(t)S
αˆ+
α (~x) , F
i = F˜ i(t) (5.39)
B0(t, ~x) = B˜0(t), Ba(t, ~x) =
3∑
aˆ=1
B˜aˆ(t)V
aˆ+
a (~x) (5.40)
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λα(t, ~x) =
2∑
αˆ=1
λ˜αˆ(t)S
αˆ+
α (~x), D = D˜(t) . (5.41)
The mode expansion implies we are in Coulomb gauge since ∇aBa = B˜aˆ∇aV aˆ+a = 0
(using (F.48)) and is relevant to other places in the reduction.
An immediate simplification arises from this expansion. Any terms in the La-
grangian which contain the complex scalars, auxiliary fields, or time component of the
gauge field are constant over the S3 and can immediately be pulled out of the spatial
integral. If these are the only fields present in these terms, then these terms retain
their form in the reduced Lagrangian. In particular, we have the zero-mode action
S0 = 2pi
2R3s
ˆ
dt Dˆtφ˜i†Dˆtφ˜i − i
Rs
(
φ˜i†Dˆtφ˜i − (Dˆtφ˜i†)φ˜i
)
+ F˜ i†F˜ i
+ F˜ iWi(φ˜) + F˜
i†W¯i¯(φ˜
†) +
1
2
Tr(D˜2) + φ˜i†D˜φ˜i + θTr
(
D˜ − 2
Rs
B˜0
)
.
(5.42)
Next let us consider terms with fermion bilinears. Due to (F.31) and (F.33), fermion
bilinears also reduce to the zero mode on the sphere. In particular,
1
2pi2R3s
ˆ
S3
βαψiαψ
j
β =
1
2pi2R3s
ˆ
S3
βˆαˆψ˜iαˆψ˜
j
βˆ
= βˆαˆψ˜iαˆψ˜
j
βˆ
≡ ψ˜iψ˜j, (5.43)
1
2pi2R3s
ˆ
S3
−iψi†σ¯0Dˆtψi = 1
2pi2R3s
ˆ
S3
iδ βˆαˆ ψ˜
i†αˆDˆtψ˜iβˆ = iδ βˆαˆ ψ˜i†αˆDˆtψ˜iβˆ ≡ iψ˜i†Dˆtψ˜i .
(5.44)
Thus, we can add the following fermion terms to our reduced action
S1/2 = 2pi
2R3s
ˆ
dt iψ˜i†Dˆtψ˜i − 1
2
Wij(φ˜)ψ˜
iψ˜j − 1
2
W¯i¯j¯(φ˜
†)ψ˜i†ψ˜j†
+
1
g2YM
iTr(λ˜†Dˆtλ˜) +
√
2i(φ˜i†λ˜ψ˜i − ψ˜i†λ˜†φ˜i) . (5.45)
The only terms left to integrate over are those containing spatial derivatives, spatial
components of the gauge field, or both. We do not show the remaining calculations
here, although we note that the reduction of the bosonic part of the vector Lagrangian
was already given in section 5.1.
The final steps are to get the Lagrangian of the massive quivers in equation (2.1)
are few in number. All chiral multiplets are coupled to two vector multiplets, one
with (cw)i = +1 and the other with (cv)i = −1, so that it is in a bifundamental
represenation of the gauge group. This amounts to replacing the single spatial gauge
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field by a difference of gauge fields Ba → B1a − B2a and contracting the gauge indices
appropriately. The parameters from the four-dimensional theory are related to the
quiver by
Ω =
2
Rs
, mv =
1
g2YM
, θv = −θ (5.46)
and for the fields
B˜0 → Av, B˜aˆ → −X iv, λ˜→ λv, D˜ → Dv (5.47)
φ˜i → φa, φ˜i† → φa†, ψ˜i → ψa, ψ˜i† → ψa†, F˜ i → F a, F˜ i† → F a† . (5.48)
Note the minus sign on the spatial components of the gauge field. The reasons for
this minus sign are to identify with the flat space quivers when we take Ω → 0. This
convention is due to how one chooses to implement gauge invariance along with various
other conventions for the Pauli matrices and fermion kinetic term.
5.5 Dimensional reduction of the supersymmetry transformations
Here we give one example of how to obtain the supersymmetry tranformation for the
field B˜aˆ. It is performed by projecting onto the proper spherical harmonic. One has
δB˜aˆ =
1
2pi2R3s
δaˆbˆ
ˆ
S3
V bˆ+a(δBa) (5.49)
=
1
2pi2R3s
δaˆbˆ
ˆ
S3
(iλ˜†αˆξ˜βˆ − iξ˜†αˆλ˜βˆ)(S+αˆ )†α˙σ¯α˙βa Sβˆ+β V bˆ+a (5.50)
=
1
2pi2R3s
δaˆbˆ
ˆ
S3
(iλ˜†αˆξ˜βˆ − iξ˜†αˆλ˜βˆ)(−1)(σbˆ)
βˆ
αˆ (5.51)
= −(iλ˜†σaˆξ˜ − iξ˜†σaˆλ˜) . (5.52)
After making the replacements (5.47) we have
δX iv = iλ
†
vσ
iξ − iξ†σiλv , (5.53)
which matches (B.5). For scalar fields, one integrates against the mode Y 00(0) = 1. For
the fermions, one integrates against the mode (S+αˆ )
†
α˙σ¯
α˙β
0 . For example
δλαˆ =
1
2pi2R3s
ˆ
S3
(S+αˆ )
†
α˙σ¯
α˙β
0 (δλα) . (5.54)
5.6 Comparison to other models and generalizations
The superalgebra for the massive quiver matrix models is su(2|1) o u(1)R in the ρ =
0 frame, as noted in appendix D. If no R-symmetry is present, one is restricted to
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the ρ = 0 frame and simply drops the u(1)R factor and the R-generator. Quantum
mechanics with su(2|1) symmetry has been studied before [19, 20]. The algebra listed
in equation (2.1) of [19] is our algebra in the ρ = 1 frame.12 The supersymmetries are
time-independent and consequently the superalgebra is a centrally extended su(2|1)
where the Hamiltonian plays the role of the central charge. They also comment on the
ability to shift the Hamiltonian by “mF ,” which in our language is accounted for by
different R-frames.
They also study different multiplets. In particular, their (2,4,2) multiplet corre-
sponds to our chiral multiplets, but they have Lagrangian expressions for an arbitrary
Ka¨hler potential. After changing to the ρ = 1 R-frame and removing all instances of
the vector multiplets, our chiral Lagrangian agrees with equation (5.11) of [19] with the
choice of a flat Ka¨hler potential. On the other hand, our superpotential is arbitrary up
to R-symmetry constraints. To generalize our results to an arbitrary Ka¨hler potential,
we can perform the dimensional reduction on the chiral Lagrangian (5.11) with abi-
trary Ka¨hler potential, that is, equation (6.5) of [21], with the background supergravity
fields set to the appropriate values. The calculation is simplified by the fact that the
Ka¨hler potential, a function of the scalars, will only contain the zero mode scalar har-
monic of the S3. Furthermore, the identities of appendix F show that fermion bilinears
(e.g., ψψ) reduce to the scalar mode on the sphere even before integration. The result
matches equation (5.11) of [19]. Since the reduction preserves the SU(2|1) symmetry,
the dimensional reduction remains classically consistent for arbitrary Ka¨hler potential
as well.
In contrast to other su(2|1) quantum mechanical systems, we have gauge invariance.
The vector multiplet acts as the (3,4,1) multiplet coupled to the ‘gauge’ multiplet,
as described in [38], except that our models take into account the mass deformation
parameter Ω. Without chiral multiplets, the abelian vector multiplet Lagrangian is just
that of a supersymmetric harmonic oscillator, as described in section 3.1.2. Nonabelian
gauge invariance allows for greater complexity in the form of cubic and quartic terms.
We should be able to obtain even more general Lagrangians using an abitrary Ka¨hler
potential and kinetic gauge function in the dimensional reduction. Gauge invariance for
an arbitrary Ka¨hler potential is possible with constraints relating the Ka¨hler potential,
kinetic gauge function, the structure constants, and moment maps [29]. The reduction
of an N = 1 theory on R × S3 with arbitrary Ka¨hler potential, superpotential, and
kinetic gauge function, obtained directly from the “new minimal” supergravity [36],
would yield some very interesting su(2|1) quantum mechanical models.
12One must also make the identifications m = Ω, F = 12R, and I
β
α = J
kσkβα .
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6 Outlook
We have discussed the significance of our results in the introduction and throughout, so
we conclude with a number of interesting questions that we leave for future work. One
key question, raised in [14], is whether the molecule-like quantum Coulomb branch
bound states of [4] persist even in the presence of confining strings. Another set of
questions is related to generalizations. We imposed SO(3) symmetry and N = 4
supersymmetry, and as in [4] we restricted to a flat target-space for simplicity. Relaxing
any of these will lead to new models. As mentioned before, generalization to arbitrary
Ka¨hler metrics for the chiral multiplets can be obtained by dimensional reduction on
R × S3 of the theories in [21]. For the vector multipet scalars more work will be
needed; the (3,4,1) multiplet of [20] and the deformed S3-reductions of [22] suggest
some possible directions.
In further explorations of the model itself, it would be useful to check, for example,
the bound state predictions discussed in section 4.5 against independent results. In the
flat-space case it is known that quiver predictions can be unreliable if there is no point in
the physical moduli space where the FI parameters all vanish [16]; analogous subtleties
may arise in the present case. Finally, it would be very interesting to apply this model
to understand aspects of the microscopic dynamics of black holes, generalizing some of
the successes of quiver matrix mechanics in flat space. For example, some of the fuzzy
membrane ideas explored in, e.g., [39–42], might find a more natural home in the current
setup, in view of the existence of the supersymmetric, nonabelian, fuzzy membrane
ground states of massive quiver matrix mechanics, in contrast to the flat-space case.
Additionally, all of the above can be reinterpreted as questions in a holographically
dual CFT.
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A Definitions and conventions
We use the following index conventions for the quivers: quiver nodes, v, w; quiver
arrows, a, b, c, . . . ; SO(3) vector indices, i, j, k, . . . ; SO(3) spinor indices, α, β, γ, . . . ;
gauge indices, A, B, C, . . .
The field content of an N = 4, d = 1 quiver matrix model Q is described by
a graph with nodes v ∈ V and directed edges (arrows) a ∈ A, and dimension vector
N = (Nv)v∈V . To each node is assigned a linear, or vector, multiplet (Aiv, X
i
v, λvα, Dv)
with i = 1, 2, 3. The field Av is the gauge field for the group U(Nv). The fields X
i
v, λvα,
Dv live in the adjoint of U(Nv). To each edge a : v → w is assigned a chiral multiplet
(φa, ψaα, F
a). All fields of a chiral multiplet live in the bifundmental (Nw, N¯v) of
U(Nw)× U(Nv).
The quiver model is described by the additional real scalar parameters: the mass
mv of the particle represented by each node; an FI parameter for each node θv; the
mass deformation parameter or coupling constant Ω. The quiver may also have a
superpotential W (φa), a holomorphic function of the chiral multiplet scalars φa. If
the superpotential satisfies the homogeneity condition W (λqaφa) = λ2W (φa), then the
quiver model has an R-symmetry, with R-charge qa for φ
a and for the other fields as
in table 1.
Gauge transformations exist for each node individually and act on gauge fields,
adjoint fields gv ∈ (X iv, λvα, Dv), and bifundamental fields ha ∈ (φa, ψaα, F a) as
Av → Uv(Av + i∂t)U †v , gv → UvgvU †v , ha → UwhaU †v (A.1)
with a : v → w. The covariant derivatives are given by
DtX iv = ∂tX iv − i[Av, X iv], (A.2)
Dtλv = ∂λv − i[Av, λv], Dtλ†v = ∂λ†v − i[λ†v, Av], (A.3)
Dtφa = ∂tφa − iAwφa + iφaAv, Dtφa† = ∂tφa† + iφa†Aw − iAvφa† (A.4)
Dtψa = ∂tψa − iAwψa + iψaAv, Dtψa† = ∂tψa† + iψa†Aw − iAvψa† . (A.5)
The fermions are Grassmann valued SO(3) Weyl spinors. The complex conjugate
of a spinor is denoted with a dagger and has upper indices ψ†α = (ψα)∗ We always
explicitly write out the Levi-Civita symbol, i.e., ψψ = ψαψα = 
βαψαψβ = −ψααβψβ.
Fermion bilinears are formed by contracting with the Levi-Civita symbol or the Pauli
matrices
αβ = −βα, 12 = 21 = 1 (A.6)
(ψ)α = αβψβ, (ψ
†)α = ψ†ββα (A.7)
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χ†σiψ = χ†ασiβα ψβ (A.8)
σ1 =
(
0 1
1 0
)
σ2 =
(
0 −i
i 0
)
σ3 =
(
1 0
0 −1
)
(A.9)
Complex conjugation on a vector multiplet only affects the fermion indices as those
fields are represented as Hermitian matrices. On chiral multiplets, complex conjuga-
tion changes the representation from (Nw, N¯v) of U(Nw) × U(Nv) to the (N¯w, Nv). It
additionally acts on fermion indices. Thus, when we consider an arbitrary field Y †, it is
unambiguous to have the dagger act on the gauge indices of fields as matrix Hermitian
conjugation and spinor indices as complex conjugation, should any be present.
B Matrix model Lagrangian
For convenience, we restate the Lagrangian and supersymmetry transformations given
in section 2.1. The Lagrangian of massive quiver mechanics with deformation parameter
Ω is given by
LΩ = L0 + L′Ω (B.1)
where L0 is the original, undeformed, flat-space quiver Lagrangian, given in appendix
C of [4], and L′Ω is the mass deformation:
L0 = L0V + L0FI + L0C + L0I + L0W (B.2)
L0V =
∑
v
mvTr
(
1
2
(DtX iv)2 + 12D2v + 14 [X iv, Xjv ]2 + i2(λ†vDtλv − (Dtλ†v)λv)− λ†vσi[X iv, λv]
)
L0FI = −
∑
v
θvTrDv
L0C =
∑
a
Tr
(|Dtφa|2 + |F a|2 + i2(ψa†Dtψa − (Dtψa†)ψa))
L0W =
∑
a
Tr (∂aWF
a + h.c.) +
∑
ab
Tr
(
1
2
∂a∂bWψ
bψa + h.c.
)
L0I = −
∑
a:v→w
Tr
(
(φa†X iw −X ivφa†)(X iwφa − φaX iv)− φa†(Dwφa − φaDv)
+ ψa†σi(X iwψ
a − ψaX iv) + i
√
2
(
(φa†λw − λvφa†)ψa − ψa†(λ†wφa − φaλ†v)
))
L′Ω = L′V + L′FI + L′C (B.3)
L′V = −
∑
v
mvTr
(
1
2
Ω2(X iv)
2 + 3
2
Ωλ†vλv + iΩ ijkX
i
vX
j
vX
k
v
)
L′FI =
∑
v
θv Ω TrAv
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L′C =
∑
a
Tr
(
i
2
Ω
(Dtφa†φa − φa†Dtφa)− 12 Ωψa†ψa) .
The action is supersymmetric with respect to the transformations
δAv = iλ
†
vξ − iξ†λv (B.4)
δX iv = iλ
†
vσ
iξ − iξ†σiλv (B.5)
δλv = (DtX iv)σiξ + 12ijk[X iv, Xjv ]σkξ + iDvξ − iΩX ivσiξ (B.6)
δDv = −(Dtλ†v)ξ − i[X iv, λ†v]σiξ − ξ†(Dtλv)− iξ†σi[X iv, λv] + 3i2 Ωλ†vξ − 3i2 Ω ξ†λv
(B.7)
δφa = −
√
2 ξψa (B.8)
δψa = −i
√
2 ξ†(Dtφa)−
√
2σi(ξ†)(X iwφ
a − φaX iv) +
√
2 ξF a (B.9)
δF a = −i
√
2 ξ†(Dtψa) +
√
2 ξ†σi(X iwψ
a − ψaX iv)− 2iξ†(λ†wφa − φaλ†v) +
√
2
2
Ω ξ†ψa
(B.10)
ξ(t) = e−
i
2
Ω t ξ0 . (B.11)
C Checking supersymmetry
We obtained the Lagrangian and its supersymmetries given in section 2 by dimensional
reduction as described in section 5, but also by more direct methods; that is to say, by
considering the most general SO(3)-symmetric and gauge invariant mass deformations
and inferring, through direct computation, the parameter constraints and additional
terms needed to preserve N = 4 supersymmetry. Our analysis along those lines leads
us to conjecture that the Lagrangian in equation (2.1) is the most general N = 4 mass
deformation preserving SO(3)-symmetry, assuming a flat target-space metric for both
vector and chiral scalars. In this appendix we will demonstrate in some detail how su-
persymmetry constrains the Lagrangian, using direct methods. Since the computation
is lengthy and not particularly illuminating, we will not reproduce it in its entirety
here, focusing instead on clarifying the supersymmetric origin of the terms responsible
for some of the most interesting physical features of the model, as explored in section
3.
C.1 Vector multiplet
The supersymmetry of the FI Lagrangian LFI = θTr (ΩA−D) is easy to check:
δξLFI = θTr
(
∂tλ
†ξ − i
2
Ωλ†ξ
)
= θ ∂tTr
(
λ†ξ
)
.
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Here the commutator term −i[X iv, λ†v]σiξ in δDv vanishes once one takes the trace. The
result is a total derivative, and similarly for δξ†LFI . Hence, the FI action is separately
invariant. Notice that the mass deformation requires the FI parameter to couple to the
gauge connection. As discussed in section 3.3, it is this coupling that leads to particle
confinement.
To check the supersymmetry of the remainder of the vector multiplet Lagrangian,
it is useful to exploit its R-symmetry and first redefine the fields as in (2.7) with
ρ = 1, so that the supersymmetry parameter becomes time independent. We can
then save ourselves some effort by making use of the fact that we already know the
undeformed (Ω = 0) model is supersymmetric under time-independent supersymmetry
transformations. Denote L = L0 +L′, where L0 is L evaluated at Ω = 0, and similarly
δ = δ0+δ′ with δ0 the supersymmetry variation at Ω = 0 and δ′ the additional variation
due to the extra terms proportional to Ω in the supersymmetry variations. Then we
already know
δ0L0 = 0 + total derivative, (C.1)
so what remains to be shown is
δL′Ω + δ′L0 = 0 + total derivative . (C.2)
If ξ did depend on time, then we could not separate the variations order by order in
Ω because time derivatives would yield addition factors of Ω. This is why we consider
here a frame in which ξ is time independent. Performing the substitutions in equation
(2.8) with ρ = 1 we obtain
δ′Av = 0 δ′φa = 0
δ′X iv = 0 δ
′ψa = −
√
2
2
Ω qa φ
aξ†
δ′λv = −iΩX ivσiξ δ′F a = −
√
2
2
Ω(qa − 2)ξ†ψa
δ′Dv = iΩλ†vξ − iΩξ†λv
Without loss of generality, we may consider the case of a single vector multiplet, say of
mass mv = 1. Then after the substitutions in equation (2.8) with ρ = 1 we have
L0V = Tr
(
1
2
(DtX i)2 + 12D2 + 14 [X i, Xj]2 + i2(λ†Dtλ− (Dtλ†)λ)− λ†σi[X i, λ]
)
L′V = Tr
(−1
2
Ω2(X i)2 − Ωλ†λ− iΩ ijkX iXjXk
)
.
Notice that the coefficient of λ†λ is different from the one in (2.3), due to the shift, in
equation (2.8), of the Dtλ terms in the full Lagrangian. The relevant variations are now
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relatively easy to compute, using the cyclic property of the trace and other algebraic
manipulations:
δξL′V = Tr
(−Ωλ†(DtX i)σiξ + Ωλ†[X i, Xj]ijkσkξ − iΩDλ†ξ ) ,
and δ′ξL0V turns out to be minus this, up to a total derivative. As the sum of these is
therefore a total derivative, this establishes the supersymmetry of the vector multiplet
sector. Notice, in particular, that the mass deformation necessitated the addition of a
Myers-like term cubic in the X i. The physical implications of this term were reviewed
in section 3.1.4.
C.2 Chiral multiplet and vector-chiral interaction terms
Checking the supersymmetry of the full Lagrangian is long and elaborate, but it can
be organized by, for example, collecting all terms in the variation with the same fields
in the same degree, which must cancel among each other. As an example, in the full
variation of LI , which we give below in equation (C.3), one can see that there are terms
with the same fields in the same degree among the non-quadratic terms in δξL0C and
δξL′C . We give all these terms in equation (C.3), then collect all terms proportional to
Ω. We then show how these collected terms cancel with other terms in the variation,
up to a total derivative. The remaining terms (those that are not in boxes in equation
(C.3)) are exactly those one would obtain in the variation of the flat-space, Ω = 0
quiver Lagrangian, which are known to cancel [4].
For simplicity, we first integrate by parts, so the chiral fermion kinetic term is
iψa†Dtψa and we start with the variation with respect to ξ. We discuss the variation
with respect to ξ† afterwards. The computation is implicitly under a trace of color
indices; the adjoint of U(Nv) for the vector multiplets and the bi-fundamental for
the chiral multiplets. Blue text color in these portions indicate the variation of the
fields. Terms are groups by colored boxes. Except for the groups immediately after the
variation, the terms in the following lines have the same text color as the boxes they
came from.
δξL(non-quadratic)C + δξLI (C.3)
= Dtφa†[−i(iλ†wξ)φa + iφa(iλ†vξ)] + [iφa†(iλ†wξ)− i(iλ†vξ)φa†]Dtφa
+ iΩ[iφa†(iλ†wξ)− i(iλ†vξ)φa†]φa
+ i
(
−
√
2((ξ)σi)(φa†X iw −X ivφa†)Dtψa
)
+ iψa†(−i(iλ†wξ)ψa + iψa(iλ†vξ))
+ −1
2
Ω[−
√
2σi(ξ)(φa†X iw −X ivφa†)]ψ
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+
(√
2(ψa†X iw −X ivψa†)(σiξ) + 2i(φa†λw − λwφa†)ξ
)
F a
−(φa†X iw −X ivφa†)(X iw(−
√
2ξψa)− (−
√
2ξψa)X iv)
−(φa†(iλ†wσiξ)− (iλ†vσiξ)φa†)(X iwφa − φaX iv)
−(φa†X iw −X ivφa†)((iλ†wσiξ)φa − φa(iλ†vσiξ))
+ φa†
(
( −(Dtλ†w)ξ −i[X iw, λ†wσiξ] + 3i2 Ωλ†wξ )φa
−φa( −(Dtλ†v)ξ −i[X iv, λ†vσiξ] + 3i2 Ωλ†vξ )
)
(C.4)
+ φa†
(
Dw(−
√
2ξψa)− (−
√
2ξψa)Dv
)
−
(
i
√
2(Dtφa†)(ξ) −
√
2(φa†X iw −X ivφa†)((ξ)σi)
)
σj(Xjwψ
a − ψaXjv)
− ψa†σi ((iλ†wσiξ)ψa − ψa(iλ†vσiξ))− ψa†σi (X iw(√2ξF a)− (√2ξF a)X iv)
− i
√
2
[
φa†
(
(DtX iw − iΩX iw)σiξ + 12ijk[X iw, Xjw]σkξ + iDwξ
)
−
(
(DtX iv − iΩX iv)σiξ + 12ijk[X iv, Xjv ]σkξiDvξ
)
φa†
]
ψa
− i
√
2(φa†λw − λvφa†)(
√
2ξF a)
+ i
√
2
(
i
√
2(Dtφa†)(ξ) −
√
2(φa†X iw −X ivφa†)((ξ)σi)
)
(λ†wφ
a − φaλ†v)
+ i
√
2ψa†(λ†w(−
√
2ξψa)− (−
√
2ξψa)λ†v) .
= −i
√
2(φa†X iw −X ivφa†)(ξ)σi(Dtψa)
+
√
21
2
Ω(ξ)φa†σi(X iwψ
a − ψaX iv) (C.5)
−
√
2
(
i(Dtφa†)
)
(ξ)σj(Xjwψ
a − ψaXjv)
− i
√
2
(
φa†
(
(DtX iw) + −iΩX iw
)
−
(
(DtX iv) + −iΩX iv
)
φa†
)
(ξ)(σiψa)
= −Dt
(
i
√
2(φa†X iw −X ivφa†)(ξ)(σiψa)
)
+
√
2
[
i∂t(ξ) + (
1
2
Ω− Ω)(ξ)]φa†σi(X iwψa − ψaX iv)
= Dt
(
i
√
2(φa†X iw −X ivφa†)(ξ)(σiψa)
)
(C.6)
= Dtφa† ((λ†wξ)φa − φa(λ†vξ))− (φa†(λ†wξ)− (λ†vξ)φa†) Dtφa
−iΩφa†((λ†wξ)φa − φa(λ†vξ)) (C.7)
+ φa†
(
( −(Dtλ†w)ξ + i32Ωλ†wξ )φa − φa( −(Dtλ†v)ξ + i32Ωλ†vξ )
)
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+ 2i
(
i(Dtφa†)
)
((λ†wξ)φ
a − φa(λ†vξ))
= −(Dtφa†)((λ†wξ)φa − φa(λ†vξ))− (φa†(λ†wξ)− (λ†vξ)φa†)(Dtφa)
−φa†((Dtλ†w)ξφa − φa(Dtλ†v)ξ) +
(−iΩ + i3
2
Ω
)
φa†((λ†wξ)φ
a − φa(λ†vξ))
= Dt
(−φa†((λ†wξ)φa − φa(λ†vξ)))+ φa†((λ†w∂tξ)φa − φa(λ†v∂tξ))
+ i1
2
Ωφa†((λ†wξ)φ
a − φa(λ†vξ))
= Dt
(−φa†((λ†wξ)φa − φa(λ†vξ))) . (C.8)
For the variation with respect to ξ†, because the total Lagrangian is hermitian, we only
need to consider those terms which are asymmetric in time derivatives. The variation
of all the other terms will be conjugate to those above. Thus, we only need to redo the
variation.
iψa†Dt
(
−
√
2σi(ξ†)(X iwφ
a − φaX iv)
)
+ −1
2
Ωψa†[−
√
2σi(ξ†)(X iwφ
a − φaX iv)]
(C.9)
− ψa†σi
(
X iw
(
−i
√
2(ξ†)(Dtφa)
)
−
(
−i
√
2(ξ†)(Dtφa)
)
X iv
)
(C.10)
+ i
√
2ψa†
((
(ξ†σi)(DtX iw) + iΩ(ξ†σi)X iw
)
φa − φa
(
(ξ†σi)(DtX iv) + iΩ(ξ†σi)X iv
))
(C.11)
=
√
2(ψa†σi)
[
i∂t(ξ
†) +
(−Ω + 1
2
Ω
)
(ξ†)
]
(X iwφ
a − φaX iv) (C.12)
= 0 . (C.13)
D Quantum mechanics and operator algebra
The fields satisfy the (anti-)commutation relations
[(X iv)
B
A , (P
j
w)
D
C ] = iδ
ijδvwδ
D
A δ
B
C (D.1)
{(λwα) BA , (λ†βv ) DC } =
1
mv
δvwδ
β
α δ
D
A δ
B
C (D.2)
[(φa) BA , (pi
b) DC ] = iδ
abδ DA δ
B
C (D.3)
{(ψaα) BA , (ψb†β) DC } = δabδ βα δ DA δ BC (D.4)
The adjoint bosonic fields obey the reality condition ((X iv)
B
A )
† = (X iv)
A
B .
The supersymmetry algebra for the massive quivers is spanned by the Hamiltonian
H, the generators of the internal SO(3) symmetry J i, the U(1) R-symmetry generator
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R, and the supercharges Qα and Q
†α. They are given in terms of the fields by
Hρ =
∑
v
Tr
[
1
2mv
P 2vi +
1
2
mvΩ
2(X iv)
2 − mv
4
[X iv, X
j
v ]
2 + imvΩ
ijkX ivX
j
vX
k
v (D.5)
+mv
3
4
(λ†vλv − λvλ†v) +mvλ†vσi[X iv, λv] +
1
2mv
(
θv −
∑
a:∗→v
φaφa† +
∑
b:v→∗
φb†φb
)2
(D.6)
+
∑
a
Tr
(
pi†apia + (
1
2
Ω)2φa†φa + i
2
Ω(φa†pia† − piaφa) + 1
2
Ωψa†ψa+ (D.7)
+ |X iwφa − φaX iv|2 + ψa†σi(X iwψa − ψaX iv) (D.8)
+i
√
2
(
(φa†λw − λvφa†)ψa − ψa†(λ†wφa − φaλ†v)
))
(D.9)
+
∑
a
Tr(|Wa|2)− 1
2
∑
ab
Tr(Wabψ
aψb + W¯a¯b¯ψ
a†ψb†) +
ρ
2
ΩR (D.10)
M ij =
∑
v
Tr
(
X ivPvj − PviXjv +
1
2
mv
ijnλ†vσ
nλv
)
+
∑
a
Tr
(
1
2
ijnψa†σnψa
)
(D.11)
J i =
1
2
ijkM jk (D.12)
R = −Tr
(∑
v
mvλ
†
vλv +
∑
a
[
iqa(φ
a†pia† − piaφa) + (qa − 1)ψa†ψa
])
(D.13)
Q =
∑
v
Tr
[(
iPvk +mvΩX
k
v +
i
2
mv
ijk[X iv, X
j
v ]
)
(λ†vσ
k)− θv(λ†v)
]
+
√
2
∑
a
Tr
[(
−pia − i
2
Ωφa†
)
ψa − iW¯a¯(ψa†)− i(φa†X iw −X ivφa†)(σiψa)
+
1√
2
φa†
(
(λ†w)φ
a − φa(λ†v)
)]
(D.14)
Q† =
∑
v
Tr
[
(σkλv)
(
−iPvk +mvΩXkv +
i
2
mv
ijk[X iv, X
j
v ]
)
− θv(λv)
]
+
√
2
∑
a
Tr
[
ψa†
(
−pi†a +
i
2
Ωφa
)
+ iWa(ψ
a) + i(ψa†σi)(X iwφ
a − φaX iv)
+
1√
2
(
φa†(λw)− (λv)φa†
)
φa
]
(D.15)
They satisfy the following algebra
[J i, Hρ] = [J
i, R] = [Hρ, R] = 0 (D.16)
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[J i, J j] = iijkJk (D.17)
[J i, Qα] = −1
2
σiβα Qβ, [J
i, Q†α] =
1
2
Q†βσiαβ (D.18)
{Qα, Q†β} = 2δβα
(
Hρ − ρ
2
ΩR
)
+ 2ΩJ iσiβα (D.19)
[R,Qα] = −Qα [R,Q†α] = +Q†α (D.20)
[Hρ, Qα] =
1
2
(1− ρ)ΩQα, [H,Q†α] = −1
2
(1− ρ)ΩQ†α (D.21)
All other (anti-)commutators vanish. For convenience, the algebra listed here accounts
for all R-frames, characterized by ρ in the presence of an R-symmetry, as discussed in
section 2.3. In the ρ = 0 frame, the algebra is easily recognizable as su(2|1)o u(1)R.
There are also the generators of U(Nv) gauge transformations (Gˆv)
B
A , one for each
node of the quiver. We write them in normal ordered form
(Gˆv)
B
A = −i
∑
i
(
(X iv)
C
A (P
i
v)
B
C − (X iv) BC (P iv) CA
)
−mv
(
(λ†α) CA (λα)
B
C − (λ†α) BC (λα) CA
)
+
∑
a:∗→v
i
(
(φa†) BC (pi
a†) CA − (φa) CA (pia) BC
)
+ (ψa†α) BC (ψ
a
α)
C
A
+
∑
b:v→∗
i
(
(φb) BC (pi
b) CA − (φb†) CA (pib†) BC
)− (ψb†α) CA (ψbα) BC . (D.22)
A state |χ〉 is physical if it satisfies all U(Nv) gauge constraints
(Gˆv)
B
A |χ〉 = −θvΩ δ BA |χ〉 . (D.23)
The supersymmetry algebra closes up to gauge terms and thus only closes on physical
states.
E AdS superalgebras
The superalgebra of AdS4, with its fermionic counterpart, and N supersymmetries is
osp(N|4). The spacetime algebra is sp(4) ' so(3, 2) and the R-symmetry algebra is
so(N ).
Let A, B, C, · · · = 0, 1, 2, 3,−1 denote so(3, 2) indices; α, β, γ, · · · = 1, . . . , 4
denote spinor indices of so(3, 1); µ, ν, ρ, σ = 0, . . . , 3 denote so(3, 1) vector in-
dices; and I, J, K, L = 1, . . . ,N denote so(N ) vector indices. Define ηAB =
diag(−1, 1, 1, 1,−1), gamma matrices satisfying the Clifford algebra {γµ, γν} =
2ηµνI4, and symbols Σ
AB by
Σµν ≡ γµν = 1
2
[γµ, γν ], Σµ,−1 ≡ γµ (E.1)
– 52 –
The superalgebra is spanned by Lorentz generators MAB = −MBA, R-symmetry gen-
erators TIJ = −TJI , and Majorana supercharges QIα. The supercommutation relations
are given by
[MAB,MCD] = −i(ηADMBC − ηBDMAC − ηACMBD + ηBCMAD), (E.2)
[TIJ , TKL] = −i(δJKTIL − δJLTIK − δIKTJL + δILTJK), (E.3)
[TIJ , QKα] = i(δIKQJα − δJKQIα), [MAB, QIα] = i
2
(ΣAB)
β
α QIβ, (E.4)
[TIJ , Q¯
α
K ] = i(δIKQ¯
α
J − δJKQ¯αI ), [MAB, Q¯αI ] = −
i
2
Q¯βI (Σ
AB)
α
β , (E.5)
{QIα, Q¯βJ} = iδIJ(ΣAB)
β
α MAB − 2iδ βα TIJ (E.6)
with the Dirac bar defined as Ψ¯ = iΨ†γ0. All other supercommutators vanish. We
can write this in a more recognizable four-dimensional notation by defining momentum
generators P µ ≡ Mµ,−1. To connect the algebra with the physical spacetime we intro-
duce the AdS length ` and rescale the momenta and supercharges as Q → √`Q and
P → `P . The supercommutation relations become
[Mµν ,Mρσ] = −i(ηνρMµσ − ηνσMµρ − ηµρMνσ + ηµσMνρ), (E.7)
[Mµν , P λ] = −i(ηνλP µ − ηµλP ν), [P µ, P ν ] = − i
`2
Mµν (E.8)
[TIJ , TKL] = −i(δJKTIL − δJLTIK − δIKTJL + δILTJK), (E.9)
[Mµν , QIα] =
i
2
(γµν) βα QIβ, [P
µ, QIα] =
i
2`
(γµ) βα QIβ (E.10)
[Mµν , Q¯αI ] = −
i
2
Q¯βI (γ
µν) αβ , [P
µ, Q¯αI ] = −
i
2`
Q¯βI (γ
µ) αβ (E.11)
[TIJ , QKα] = i(δIKQJα − δJKQIα), [TIJ , Q¯αK ] = i(δIKQ¯αJ − δJKQ¯αI ) (E.12)
{QIα, Q¯βJ} = δIJ
(
−2i(γµ) βα Pµ +
i
`
(γµν) βα Mµν
)
− 2i
`
δ βα TIJ (E.13)
As we take `→∞ we obtain the flat space super Poincare´ algebra. If we additionally
scale the R-charges T → `T , then the algebra contracts to the super Poincare´ algebra
with central charges.
From our interpretation of the massive quiver matrix models as descriptions of
wrapped branes in AdS4, we expect the above algebra to be related to the operator
algebra we gave in appendix D. We describe that relationship here. Even though the
worldline action of a superparticle in AdS4 is symmetric under the full osp(2|4), gauge
fixing will leave only some of the symmetry manifest, e.g., reparametrization invariance
and κ-symmetry [8, 31]. For example, the action of a bosonic particle in flat space with
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coorindates (t(τ), ~x(τ)) is given by
S = −m
ˆ
dτ
√
t˙2 − ~˙x2 . (E.14)
This action is invariant under the full Poincare´ group. One can remove the reparame-
terization invariance by setting t(τ) = τ . The action becomes
S = −m
ˆ
dτ
√
1− ~˙x2 . (E.15)
The remaining symmetry of the action is some reparametrization invariance τ → τ+α,
translation invariance, and rotation invariance. The symmetry τ → τ + α is related to
time translations since t(τ) = τ and thus should be identified with the Hamiltonian.
Indeed, the quantum Hamiltonian of a free particle Hˆ = 1
2m
pˆipˆi commutes with the
momenta and angular momentum generators. In quantizing the worldline of the free
bosonic particle, we have lost boost invariance.
The same story is true for the superparticle, except we have an additional fermionic
κ-symmetry. The general action for superparticles in an arbitrary N = 2 (asymptot-
ically flat) supergravity background was written down in [31]. We do not possess the
superparticle action for an AdS supergravity background, but we expect it to have some
of the same features. In particular, gauge fixing the κ-symmetry should remove half of
the fermionic degrees of freedom. The resulting algebra of the worldline should then
only have four supersymmetries. For the bosonic part of the action, we choose to write
the AdS metric in isotropic coordinates as in equation (3.3) and fix the reparametriza-
tion invariance t(τ) = τ . Once we gauge fix, the only remaining symmetries are time
translations and rotations; we lose spatial translations and boosts. Thus, we seek a
subalgebra of osp(2|4) that contains time translations, rotations, and four of the su-
persymmetries. Supergravity in AdS has a background U(1) R-symmetry gauge field
which we expect to couple to the superparticle. The subalgebra we want should then
also have an R-generator.
We begin with the superalgebra osp(2|4) listed above and form a Dirac supercharge
Sα = (Q1α−iQ2α)/
√
2. We additionally define boosts and angular momenta generators
Ki = M0i, J i = 1
2
ijkM jk. The R-charge and anti-commutation relations for the
supercharges are
[T12, S] = −S, [T12, S¯] = S¯ (E.16)
{Sα, Sβ} = {S¯α, S¯β} = 0 (E.17)
{Sα, S¯β} = −2i(γµ) βα Pµ +
i
`
γµνMµν +
2
`
δ βα T12 . (E.18)
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We now switch to a Weyl representation of the gamma matrices
σµαα˙ = (−I2, σi), σ¯µα˙α = (−I2,−σi), (E.19)
(σµν) βα =
1
2
(σµσ¯ν − σν σ¯µ) βα , (σ¯µν)α˙β˙ =
1
2
(σ¯µσν − σ¯νσµ)α˙β˙ (E.20)
γµ = i
(
0 σµ
σ¯µ 0
)
, γµν = −
(
σµν 0
0 σ¯µν
)
. (E.21)
We parametrize the Dirac spinor in terms of two Weyl spinors as ST = (η−α, η
†α˙
+ ),
where the ± subscript denotes the R-charge. Conjugation negates the value of the
R-charge. The Dirac conjugate is then given by S¯ = (ηα+, η
†
−α˙). The anti-commutation
relations become
{η−α, η−β} = {ηα+, ηβ+} = {η−α, η†β˙+ } = 0 (E.22){(
η−α
η†β˙+
)
,
(
ηβ+ η
†
−α˙
)}
=
(
− i
`
(σµν) βα Mµν +
2
`
δ βα T12 2σ
µ
αα˙Pµ
2σ¯µβ˙βPµ − i`(σ¯µν)β˙α˙Mµν + 2` δ
β˙
α˙
T12
)
.
(E.23)
Lastly, we define the spinors
χ1α =
1√
2
(η−α + σ0αβ˙η
†β˙
+ ), χ2α =
1√
2
(η−α − σ0αβ˙η†β˙+ ) (E.24)
χ†1α˙ =
1√
2
(η†−α˙ + η
β
+σ
0
βα˙), χ
†
2α˙ =
1√
2
(η†−α˙ − ηβ+σ0βα˙) (E.25)
and the non-vanishing anti-commutation relations are
{χ1α, χ†1α˙} = (σµαα˙ + σ0αβ˙σ¯µβ˙βσ0βα˙)Pµ −
i
2`
(σ0
αβ˙
(σ¯µν)β˙
α˙
+ (σµν) βα σ
0
βα˙)Mµν +
2
`
σ0αα˙T12
= 2σ0αα˙P0 +
2
`
σiαα˙J
i +
2
`
σ0αα˙T12 (E.26)
{χ1α, χ†2α˙} = (σµαα˙ − σ0αβ˙σ¯µβ˙βσ0βα˙)Pµ −
i
2`
(σ0
αβ˙
(σ¯µν)β˙
α˙
− (σµν) βα σ0βα˙)Mµν
= 2
(
Pi +
i
`
Ki
)
σiαα˙ (E.27)
{χ2α, χ†1α˙} = 2
(
Pi − i
`
Ki
)
σiαα˙ (E.28)
{χ2α, χ†2α˙} = 2σ0αα˙P0 −
2
`
σiαα˙J
i +
2
`
σ0αα˙T12 . (E.29)
The Hamiltonian and angular momenta act diagonally on χ1 and χ2, but the momenta
and boosts mix the two spinors
[P 0, χ1] = − 1
2`
χ1, [P
0, χ2α] = +
1
2`
χ2α (E.30)
– 55 –
[J i, χ1] = −1
2
σiχ1, [J
i, χ2] = −1
2
σiχ1 (E.31)
[P i, χ1] =
1
2`
σiχ2, [P
i, χ2] = −1
2
σiχ2 (E.32)
[Ki, χ1] = − i
2
σiχ2, [K
i, χ2] = − i
2
σiχ1 . (E.33)
There are two possible supersymmetry subalgebras to choose from, {P 0, J i, T12, χ1, χ†1}
and {P 0, J i, T12, χ2, χ†2}. Both sets contain all the generators needed to describe the
residual symmetry of the worldline.
The set we identify with that of the massive quivers is the one containing the χ1
supersymmetries. To complete the identification with eqs. (D.16)-(D.21), we should
choose ` = 1/Ω, ρ = 2, and
−P0 = P 0 → H|ρ=2 = H0 +ΩR, T12 → R, J i → J i, χ1 → Q, χ†1 → Q† (E.34)
The superalgebras of the gauge-fixed worldline of the superparticle traveling in an AdS4
supergravity background and the massive quiver thus match identically in the R-frame
ρ = 2.
F Conventions and identities for the dimensional reduction
This appendix outlines the conventions used for the spherical harmonics on S3 along
with the coordinate systems used. Many of these results are taken from [10], mostly
appendices B and C.
F.1 Spherical harmonics on S3
The indices a, b, . . . will be ‘curved’ indices while the hatted indices aˆ, bˆ, . . . will be
‘flat’. The curved indices can be raised with the inverse metric gab. Flat indices can be
raised or lowered with the Kronecker delta δaˆbˆ, δaˆbˆ.
The metric on the sphere S3 of radius Rs is given by
ds2 = R2s (dθ
2 + sin2(θ)dψ2 + sin2(θ) sin2(ψ)dχ2) . (F.1)
The Ricci curvature tensor and scalar are given by
Rab = 2
R2s
gab, R = gabRab = 6
R2s
. (F.2)
The curved differentials are given by
dx1 = dθ, dx2 = dψ, dx3 = dχ (F.3)
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Spin Harmonic Rep of SU(2)` × SU(2)r Dimension
0 Y `m(0) (`+ 1, `+ 1) (`+ 1)
2
1
2
Y `m+(1/2)α (`+ 2, `+ 1) (`+ 1)(`+ 2)
Y `m−(1/2)α (`+ 1, `+ 2)
1
Y `m+(1)a (`+ 3, `+ 1) (`+ 1)(`+ 3)
Y `m−(1)a (`+ 1, `+ 3)
Table 2. The scalar, spinor, and vector harmonics on S3 classified by their representation
under SU(2)` × SU(2)r.
and the triads eaˆ = eaˆadx
a by
e1ˆ = dθ, e2ˆ = sin(θ)dψ, e3ˆ = sin(θ) sin(ψ)dχ . (F.4)
The matrices σa are the Pauli matrices pulled back to the sphere
σa = σaˆe
aˆ
a (F.5)
with σaˆ the numerical Pauli matrices.
Scalar, spinor, and vector functions on S3 can be expanded in a complete basis Y `m(0) ,
Y `m±(1/2)α, Y
`m±
(1)a . The representation of the harmonics under the full SU(2)` × SU(2)r are
given in Table 2. They are normalized such that
1
2pi2R3s
ˆ
S3
Y `m(0) Y
`′m′
(0) = δ
``′δmm
′
(F.6)
1
2pi2R3s
ˆ
S3
(
Y `m±(1/2)α
)∗
Y `
′m′±
(1/2)α = δ
``′δmm
′
(F.7)
1
2pi2R3s
ˆ
S3
Y `m±(1)a Y
`′m′±a
(1) = δ
``′δmm
′
. (F.8)
They satisfy the eigenvalue equations
∇2Y `m(0) = −
1
R2s
`(`+ 2)Y `m(0) , 1 ≤ m ≤ (`+ 1)2 (F.9)
σaαβ∇aY `m±(1/2)β = ±
i
Rs
(`+ 3
2
)Y `m(1/2)α, 1 ≤ m ≤ (`+ 1)(`+ 2) (F.10)
∇2Y `m±(1)a = −
1
R2s
[`(`+ 4) + 2]Y `m±(1)a , 1 ≤ m ≤ (`+ 1)(`+ 3), (F.11)
where ∇a is the covariant derivative on S3, and ∇2 = ∇a∇a. For the vector harmonics,
we have the additional identities
∇aY `m±(1)a = 0 (F.12)
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∇a∇bY `m±a(1) = [∇a,∇b]Y `m±a(1)c = RacabY `m±c(1) =
2
R2s
Y `m±(1)b . (F.13)
The truncation process of section 5 relies on the ` = 0 spherical harmonics and so
the remainder of this section will mostly outline their properties and identities. The
lowest spherical scalar harmonic is just a constant,
Y 00(0) = 1 . (F.14)
For convenience we introduce new variables for the lowest spherical spinor and vector
harmonics.
Sβˆ±α ≡ Y 0βˆ±(1/2)α, βˆ = 1, 2 (F.15)
V aˆ±a ≡ Y 0aˆ±(1)a , aˆ = 1, 2, 3 . (F.16)
F.2 Curved and flat spinor indices
The curved spinor indices for the spinor harmonics as currently defined are of SO(3)
type. To make connection to a theory on R × S3 and we promote them to SO(4) ∼
SU(2)l × SU(2)r type. The conjugates now come with dotted indices and we can use
the four dimensional Pauli matrices with greek indices (µ, ν, . . . ) ranging from 0 to 3.
Our conventions for the Pauli matrices are those used by Wess and Bagger [32]
σµ = (−I2, σi), σ¯µ = (−I2,−σi) . (F.17)
The hatted spinor indices become flat indices for a representation of SU(2)l × SU(2)r.
We will not choose to raise or lower flat spinor indices with the Levi-Civita tensor.
Instead, we will lower them automatically upon conjugation. That is
(S±αˆ )
†
α˙ ≡ (Sαˆ±α )∗ . (F.18)
A conjugate spinor can be expanded, for example, as
ψ†α˙ = (S
+
αˆ )
†
α˙ψ˜
†αˆ . (F.19)
After the reduction, we will be left with the SU(2)` symbols δ
βˆ
αˆ and (σ
aˆ)
βˆ
αˆ .
Flat spinor indices are contracted according the NW-SE convention. If ψ and χ
are flat spinors, we have
ψχ = ψβˆχβˆ = 
βˆαˆψαˆχβˆ (F.20)
ψ†χ† = ψ†
βˆ
χ†βˆ = βˆαˆψ
†αˆχ†βˆ (F.21)
The quiver matrix models are written in terms of the flat spinor indices, but the hats
have been removed. Further, the Levi-Civita symbol is explicitly written between spinor
variables and accounts for the appearance of various minus signs.
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F.3 Killing equations and explicit representations
Using equation (F.10), the spinors S satisfy the Killing spinor equation
∇aSαˆ± = ± i
2Rs
σaσ¯0S
αˆ± . (F.22)
Explicitly the Killing spinors are given by
Sαˆ± = exp
(
± i
2
θσ1ˆ
)
exp
(
i
2
ψσ3ˆ
)
exp
(
i
2
χσ1ˆ
)
Sαˆ±0 (F.23)
S 1ˆ±0 = (1, 0)
T , S 2ˆ±0 = (0, 1)
T . (F.24)
The Killing vectors on S3 are given by the lowest mode vector spherical harmonic and
are related to the spinors Sαˆ± via the Pauli matrices
(S±αˆ )
†σaSβˆ± = (σaˆ)
βˆ
αˆ V
aˆ±
a . (F.25)
Inverting this relation we have
V aˆ±a =
1
2
Tr(σaˆS±†σaS±) . (F.26)
It is can be shown using (F.22) that the V aˆ±a satisfy the Killing vector equations
∇aV aˆ±b +∇bV aˆ±a = 0 . (F.27)
They are given explicitly by
V 1ˆ±a dx
a = cos(ψ)e1ˆ − cos(θ) sin(ψ)e2ˆ ± sin(θ) sin(ψ)e3ˆ (F.28)
V 2ˆ±a dx
a = sin(ψ) cos(χ)e1ˆ + (cos(θ) cos(ψ) cos(χ)∓ sin(θ) sin(χ))e2ˆ
− (cos(θ) sin(χ)± sin(θ) cos(ψ) cos(χ))e3ˆ (F.29)
V 3ˆ±a dx
a = sin(ψ) sin(χ)e1ˆ + (cos(θ) cos(ψ) sin(χ)± sin(θ) cos(χ))e2ˆ
+ (cos(θ) cos(χ)∓ sin(θ) cos(ψ) sin(χ))e3ˆ . (F.30)
F.4 Spinor and vector identities
The solutions of (F.22) are orthonormalized and form a complete basis
(S±αˆ )
†
α˙σ¯
α˙α
0 S
βˆ±
α = (S
±
αˆ )
†σ¯0Sβˆ± = δ
βˆ
αˆ (F.31)
2∑
αˆ=1
(Sαˆ±α )(S
±
αˆ )
†
α˙ = σ0αα˙ . (F.32)
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They also can be chosen to transform the epsilon symbol in curved space to that of flat
space
αβSαˆ±α S
βˆ±
β = 
αˆβˆ . (F.33)
Conjugating this equation we have
α˙β˙(S±αˆ )
†
α˙(S
±
βˆ
)†
β˙
= αˆβˆ = βˆαˆ . (F.34)
This property is very important because it guarantees that spinor bilinears do not
produce higher mode spherical harmonics. Contracting each side with a Killing spinor
relates the two kinds of spinors.
σ¯α˙α0 βˆαˆS
αˆ±
α = σ¯
α˙α
0 
γ˙β˙(S±αˆ )
†
γ˙(S
±
βˆ
)†
β˙
Sαˆ±α = σ¯
α˙α
0 σ0αγ˙
γ˙β˙(S±
βˆ
)†
β˙
= α˙β˙(S±
βˆ
)†
β˙
. (F.35)
Contracting with another spinor we have
αˆβˆS
αˆ±
α S
βˆ±
β = −σ0αα˙α˙β˙(S±βˆ )
†
β˙
Sβˆ±β = −σ0αα˙σ0ββ˙α˙β˙ = −βα = αβ . (F.36)
Conjugating we have
αˆβˆ(S±αˆ )
†
α˙(S
±
βˆ
)†
β˙
= β˙α˙ . (F.37)
As a consequence of the orthonormality of the Killing spinors, the Killing vectors
are also orthonormal
V aˆ±a V
bˆ±a = δaˆbˆ . (F.38)
Using (F.26) we can prove
V aˆ±a V
aˆ±
b =
1
4
(σaˆ)
βˆ
αˆ (S
±†
βˆ
(−1)σ¯aSαˆ±)(σaˆ) δˆγˆ (S±†δˆ (−1)σ¯bS γˆ±) (F.39)
=
1
4
(δ βˆαˆ δ
δˆ
γˆ + 2αˆγ
βˆδˆ)((S±
βˆ
)†
β˙
σ¯ β˙αa S
αˆ±
α )((S
±
δˆ
)†
δ˙
σ¯ δ˙γb S
γˆ±
γ ) (F.40)
=
1
2
σ¯ β˙αa σ¯
δ˙γ
b δ˙β˙αγ (F.41)
=
1
2
σ¯ β˙αa 
δ˙α˙σbαα˙δ˙β˙ (F.42)
= −1
2
Tr(σ¯aσb) (F.43)
= −1
2
(−2gab) (F.44)
= gab . (F.45)
As a consequence of (F.25) and (F.38) we have
(S±αˆ )
†σaSβˆ±V aˆ±a = (σbˆ)
βˆ
αˆ
V bˆ±a V
aˆ±a = (σaˆ)
βˆ
αˆ . (F.46)
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Contracting each side with a Killing spinor we have the relation
σaS
βˆ±V aˆ±a = (σ¯0Sαˆ+)(σaˆ)
βˆ
αˆ . (F.47)
As a result of equation (F.12) the Killing vectors are divergenceless
∇aV aˆ±a = 0 . (F.48)
As a result of equation (F.11) we have
∇2V aˆ±a = −
2
R2s
V aˆ±a . (F.49)
Using (F.25) and the Killing spinor equation, one can show
∇aV aˆ±b = ±
1
Rs
abcV
aˆ±c . (F.50)
As a result of this we have
V aˆ±aV bˆ±b∇aV cˆ±b = ±
1
Rs
abcV
aˆ±aV bˆ±bV cˆ±c = ± 1
Rs
det(V )aˆbˆcˆ = ± 1
Rs
aˆbˆcˆ . (F.51)
Contracting each side with a vector harmonic and using the Killing vector equation we
have
V bˆ±b∇bV aˆ±a = ±
1
Rs
aˆbˆcˆV cˆ±a . (F.52)
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